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Abstract

Drawing on the contributions of two recent studies by Sugden (2007) and Luter-
bach, Rodriguez, and Milling (2010) in Spreadsheets in Education, this study illus-
trates that Excel-based Sudoku is an effective tool for teaching logical deduction.
This study also illustrates some essential Sudoku techniques, all based on logical
deduction. Relevant information from the Sudoku grid is extracted by using Excel
features, thus making it easier for students to explore opportunities to apply suitable
Sudoku techniques throughout the solution process.
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1 Introduction

Sudoku is a popular number-placement game. The standard version of Sudoku is played
on a 9 x 9 grid, which is divided into nine 3 x 3 sub-grids, also known as boxes, in the
same manner that a matrix is partitioned into block matrices. A new puzzle starts with
a grid where some cells are already filled with integers from 1 to 9. The task is to fill all
vacant cells, also with such integers, satisfying the requirement that all nine numbers in
each row, in each column, and in each box be distinct. The popularity of Sudoku can
be attributed to both the simplicity of its rules for beginners and the sophistication of
some of its advanced techniques to sustain the interest of experienced players.

Besides the many daily Sudoku puzzles that appear in major newspapers worldwide,
there are also numerous websites that allow the game at different levels to be played
on the internet. While there are various websites that offer advice on Sudoku strategies,
there is also an online encyclopedia, called Sudopedia, with voluntary contributions from
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Sudoku experts and enthusiasts.! Beginners and experienced players alike now have easy
access to all aspects of the game. Gradually, the language of the game is becoming more
standardized. Though still confusing to outsiders and beginners, terms such as X-wing,
XY-wing, Swordfish, Jellyfish, and many others are already part of the standard Sudoku
vocabulary.

As Delahaye (2006) reports in an article in Scientific American, although solving a
Sudoku puzzle requires not even arithmetic, the game actually raises many intriguing
mathematical issues. By posing some basic and open questions, Taalman (2007) reiterates
that Sudoku deserves to be taken seriously. Indeed, Sudoku has already attracted the
attention of many educators and researchers, including those outside mathematical fields.
Collectively, their work has contributed to the advancement of mathematics and science
education. Here are some recent examples:

Several chemists report the use of Sudoku puzzles as teaching tools to help students
learn organic functional groups, i.e., groups of atoms within molecules that are involved
in chemical reactions characteristic of those molecules; see, for example, Crute and Myers
(2007), Perez and Lamoureux (2007), and Welsh (2007). Crook (2009) presents, with the
aid of concepts in set theory, a pencil-and-paper approach to solve Sudoku puzzles. Lorch
and Lorch (2008) show how to incorporate methods for counting Sudoku puzzles into an
introductory abstract algebra course.

Further, Dahl (2009) associates Sudoku with a class of permutation matrices. Herzberg
and Murty (2007) relate Sudoku to chromatic polynomials — polynomials studied in al-
gebraic graph theory — by treating each Sudoku puzzle as an exercise in proper coloring
of the vertices of a graph. Sander (2009), in contrast, considers Sudoku from the per-
spective of spectral graph theory. Bailey, Cameron, and Connelly (2008) connect Sudoku
to various mathematical and statistical topics. Lee, Goodwin, and Johnson-Laird (2008)
present a theory on how individuals solve Sudoku puzzles from a psychological perspec-
tive and provide collaborative experimental results.

With electronic spreadsheets such as Microsoft Excel’™ becoming more familiar to
students in recent years, Sudoku puzzles on spreadsheets are becoming more suitable as
an educational tool. Specifically, Weiss and Rasmussen (2007) show how Sudoku puzzles
can be solved with Premium Solver”™ | which is an upgraded version of Excel Solver?
to accommodate a large number of constraints on the placement of numbers in individual
vacant cells. As the task requires coding in Visual Basic for Applications (VBA), students
can use Sudoku puzzles for programming exercises. In contrast, Sugden (2007) sets up
an Excel worksheet with cell formulas alone to help students solve Sudoku puzzles and
uses it as a tool for teaching set theory. More recently, to compare student performance
in paper-based and spreadsheet-based approaches to complete Sudoku puzzles in Grades
4 and 5 mathematics classes, Luterbach, Rodriguez, and Milling (2010, hereafter LRM)
use Excel’s data validation to help students prevent Sudoku rule violations.

Drawing on the contributions of the Sugden and LRM studies, this study is intended
to make Sudoku more effective for classroom use. It shows how Excel-based Sudoku can
be used as a tool for teaching logical deduction in mathematics classes. In core mathemat-

'See <http://www.sudopedia.org/wiki/Main _Page>.
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ics courses at the secondary level, such as algebra, geometry, and trigonometry, students
are taught various mathematical proofs and are assigned related exercises for practice.
Although Sudoku is not directly connected to any specific topics in these courses, except
for being an excellent example for teaching set theory, the logical deduction skills that
students can acquire from solving Sudoku puzzles are indeed valuable.

To benefit more from Sudoku, however, students have to learn some essential tech-
niques of the game. For ease of exposition of the materials that appear later in this
study, such techniques, though generally accessible from internet sources such as those
linked to the Sudopedia website, are also covered here. Such techniques, once acquired,
will help students solve many Sudoku puzzles that are more difficult than those consid-
ered in the Sugden and LRM studies, thus improving their logical deduction skills in
the process. Unfortunately, to cover such techniques in classroom settings, especially for
paper-based Sudoku, is very time-consuming. Even for classrooms with internet access,
to solve Sudoku puzzles online in class, for the purpose of illustrating Sudoku techniques
to students, is not an ideal option.?

We now identify the specific features in the Excel files accompanying the Sugden and
LRM articles that are relevant for purposes of this study. Notably, by using Sugden’s
Excel worksheet to solve a Sudoku puzzle, players can use the automatically generated
clues on the grid — which include highlighted numbers for all default entries and va-
cant cells with exactly two candidates — to make progress toward the final solution
of the game. In easy Sudoku puzzles such as those in the Sugden and LRM studies,
enumeration of the candidates for the corresponding vacant cells will lead to successive
revelations of default entries and will allow each puzzle to be solved without much effort.
For more difficult Sudoku puzzles, however, enumeration of the candidates alone may
not lead to their final solutions. Once no more default entries are revealed, to extract
relevant information from the Sudoku grid for the game to proceed can be a challenge
for inexperienced players.

The feature of Sugden’s Excel worksheet — that it automatically lists all candidates
for each vacant cell — should appeal to experienced Sudoku players who consider the
initial enumeration of candidates a chore. Such a feature should also make Sugden’s Ex-
cel worksheet an ideal template for teachers to set up Sudoku puzzles for classroom use.
Teachers can access Sudoku puzzles at different levels of difficulty from public sources.
With the template at hand, they no longer have to perform the tedious task of enumer-
ating the individual candidates themselves. Instead, they can directly use information
from the template to check the listing accuracy of the initial candidates for the vacant

2Freely accessible Sudoku puzzles from the internet typically either disallow players to enumerate
their own candidates for any vacant cells or give them the option to see, but not to revise manually, the
internally generated candidate lists. As will soon be clear, having the option to revise the candidate lists
is important in the process of solving a seemingly difficult Sudoku puzzle by logical deduction. Web
Sudoku, <http://www.websudoku.com/>, is a rare exception; this free website does allow players to
enter up to five candidates for each vacant cell. However, depending on the puzzle being solved, some
vacant cells may have more than five candidates, typically during early stages of the game. Incomplete
candidate lists may cause inconvenience or even confusion for inexperienced players. Further, most free
Sudoku websites, including the one mentioned above, do not allow any partially solved puzzles to be
saved and resumed at a later date.
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cells that students deduce. To sustain the interest of experienced students, they can also
let these students solve challenging Sudoku puzzles where the initial candidates for some
or all vacant cells have already been identified.

The feature of data validation in LRM’s Excel worksheet should appeal to teachers
who use Sudoku as an educational tool, as mistakes in entering numbers to vacant cells of
Sudoku puzzles can cause frustration of inexperienced players of the game and interfere
with the learning process. However, the way an Excel-based Sudoku puzzle is set up in
LRM does not allow students to keep track of the candidates for each vacant cell. Thus,
the Excel worksheet in LRM is not readily suitable for classroom use in teaching logical
deduction, especially when more difficult Sudoku puzzles are involved.

This study extends the Sugden and LRM approaches as follows: Specifically, it ex-
tends the LRM formula for data validation of each cell to allow also the entry of a
multiple-digit integer, where each digit represents a candidate. For example, if the num-
ber 247 is entered to a vacant cell, this means that the cell is still considered to be vacant
and that 2, 4, and 7 are all candidates for the cell. Such flexibility in data entry allows
Excel-based Sudoku to retain a nice feature of the traditional paper-based version of
the game, which allows easy changes to any pencil markings on the grid as the game
progresses. In addition, when solving a Sudoku puzzle on Excel, students can extract
some specific information from the grid to allow the game to proceed. Exactly what
information from a Sudoku grid is generally relevant will soon be clear in this study.

What makes Sudoku unusual is the fact that solving Sudoku puzzles requires no
prior mathematical knowledge, apart from knowing how to enumerate distinct numbers
or items in general. Thus, the game can be introduced to students at almost any grade
level. To give teachers the flexibility in choosing a suitable Excel-based Sudoku puzzle for
classroom use, this study provides two versions of the game. If students are experienced
enough not to require help to prevent Sudoku rule violations, then the version without
data validation is already adequate. For less experienced students, however, the version
with data validation is obviously better.

Excel-based Sudoku also has the advantage of being able to update immediately the
results of all computations involved and to display any selected information on the com-
puter monitor. If the classroom has an electronic overhead projector, such information
can be displayed on a large screen as well. With the aid of technology, it becomes easier
for students to participate in, and contribute to, the process of shortening the candidate
lists for various vacant cells on the Sudoku grid. Further, it is relatively simple to choose
any part of the Excel worksheet for display, to show the solution process, to highlight
any specific cells with color, and, if necessary, to retrace previous steps in response to
questions from students. These convenient Excel features all have contributions to make
Excel-based Sudoku an educational tool that can enhance the classroom experience of
students.

This article is organized as follows: Section 2 illustrates several essential Sudoku
techniques. The section is not intended to duplicate many known Sudoku techniques.
Rather, it is intended to help students recognize, more readily, typical situations that
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require logical deduction for the game to proceed.® Section 3 presents an Excel-based
example to illustrate the solution process for a Sudoku puzzle that requires some of
the essential techniques as described in Section 2. Section 4 provides some concluding
remarks.

Separately, the Appendix of this article states, illustrates, and proves, also by logical
deduction, two interesting Sudoku properties. The first property pertains to the patterns
of number placements on some Sudoku sub-grids. Although the property tends to con-
tribute only marginally to the solution process and thus is not covered in the main text,
its proof is a good example to illustrate logical deduction.

The second property pertains to the issue of uniqueness of solutions to Sudoku puz-
zles. The property has an interesting implication; it leads to an advanced Sudoku tech-
nique. Although situations requiring this specific technique are seldom encountered by
casual Sudoku players and thus are not considered in the main text, the technique itself
is actually a good classroom example to illustrate logical deduction in the context of
Sudoku.

2 Elimination of redundant candidates by logical deduc-
tion

In the language of set theory, the candidates — which include redundant candidates —
for each vacant cell on a standard 9 x 9 Sudoku grid are elements of the complement
of the union of the three sets of integers already in the row, the column, and the box
that contain the vacant cell in question. A redundant candidate is an integer that can
be ruled out because it must eventually be placed in a connected cell. Here, two cells
are connected if they share a common row, a common column, or a common box. The
idea of solving a given Sudoku puzzle is to reduce the number of redundant candidates
for each vacant cell, by logical deduction, until all vacant cells are filled with correct
numbers.

For ease of exposition below, we follow a commonly used convention to label the
individual cells, rows, columns, and boxes of the Sudoku grid. The numbering of rows
and columns is analogous to that for matrices; row and column numbers are, in ascending
orders, from top to bottom and from left to right, respectively. The cell that is in row
and column j is labeled as RiC'j, for 4,7 = 1,2,...,9. The numbering of the nine 3 x 3

3 Although this study — more specifically, Section 2 — can serve as an introduction to Sudoku, the
materials covered may still be too technical for readers who are unfamiliar with the game. Such readers
will benefit more from this study once they have gained some hands-on experience from solving simple
Sudoku puzzles such as those in the Sugden and LRM studies.
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boxes is as follows:

RU| | | || ||
R2

R3] | | [ [
rRa| | | || ||
R5
R6| [ | [ [
RT| | | || ||
R8
RO| | | [ [

As solving each Sudoku puzzle without guessing is a process of logically eliminating
redundant candidates, we provide below nine examples, with each illustrating a poten-
tially applicable task. Students can learn from these examples how logical deduction
works in different situations. From a pedagogic perspective, it is useful to give students
some exercises to gain hands-on experience with various Sudoku techniques. Such expe-
rience will help them recognize, without any hints from others, situations to which some
specific techniques are applicable. We can assess how well a student has acquired such
techniques by knowing at which stage of the solution process the student cannot proceed
any further.

Example 1: The following is a simple case where correct entries to two vacant cells
can be identified directly:

cCl C2 C3||C4 C5 C6||C7T C8 (C9
R1 6 2
R2 3 2 1 4
R3 1 8

Here, as integer 1 is already present in rows 2 and 3, and in boxes 2 and 3, its default
position in box 1 is R1C1. Likewise, the default position for integer 2 in box 3 is R3CS8.
Given these direct results, as shown in the following, there is no need to enumerate all
candidates for R1C1 and R3CS:

cCl C2 C3||C4 C5 C6||CT C8 (C9
R1| 1 6 2
R2 3 2 1 4
R3 1 2 8

The same idea also works for a set of vertically stacked boxes. The method here to
identify default entries is best performed at the start of each Sudoku game, prior to
enumerating all candidates for the remaining vacant cells on the grid. However, as the
game progresses, similar opportunities may also arise for the method to be used.

http://epublications.bond.edu.au/ejsie/vol4/iss1/3
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Example 2: The following example illustrates how some candidates can be elimi-

nated:
Cl C2 C3||c4a C5 Ce6|Ct C8 (C9

R1|9|547|2 8|47|1 545|d5()|$4|

Here, the four single-digit entries are given or solved numbers for row 1, and the five
multiple-digit entries provide the candidate lists for the individual vacant cells, with each
digit representing a candidate. The numbers 3, 4, and 7 must eventually be placed in
R1C2, R1C5, and R1C9, where the candidates are digits of 347, 47, and 34, respectively.
Thus, we can safely remove candidates 3 and 4 from R1C'7; this will give us a 5 for that
cell. Now, with both 3 and 5 ruled out, cell R1CS8 becomes a 6, as shown in the following;:

C1 C2 C3|Cca C5 C6|CT C8 (9
rifo |"™[2]8["]1]5[]6]™]

Notice that the idea of locked cells as illustrated in the example also applies to entries
in a common column or in a common box. The method tends to be used frequently for
solving Sudoku puzzles.

Example 3: The following is a similar but slightly more complicated example:

ct C2 (C3|C4 C5 C6|CT C8 (9
Rl [PB [ [HW [7g | 14 [ 39 [0 38 1350

Here, the candidates 2, 5, and 7 for row 1 appear in two or three of the cells R1C1,
R1C2, and R1C3 and nowhere else in the row. As 2, 5, and 7 will eventually be placed
in these three cells, we can eliminate all others candidates there. The result of the step
is as follows:

Cl C2 C3||C4 C5 C6|Cr C8 (9
RU[T BB 6 | B[ [BI] %[

Now, as the candidacy of 4 for row 1 is confined to R1C5, the number must be placed
there. The end result, therefore, is as follows:

Cl C2 C3||C4 C5 C6|CrT C8 (9
RI[T BB 6 [ 4]0 [B]®[59)

Notice that, as the numbers 2, 5, and 7 will eventually fill the first three rows of box 1,
none of them are eligible as candidates for the remaining vacant cells of the box (although
the rest of the box is not shown in the example).

Example 4: The following 3 x 9 sub-grid can be used to illustrate the removal of a
candidate for a vacant cell:

Cl C2 C3|C4 C5 Co6|C7T C8 (C9
R1 67 3 2 5678 68 58 9 1 4
R2 4 68 168 9 168 2 3 5 7
R3 9 5 17 347 13 14 9 ] 6
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As row 1 must have an 8 and it can only be placed in one of R1C4, R1C5, and R1C6,
its candidacy for R2C5 must be ruled out. Alternatively, as box 1 must have an 8 and
it can only be placed in R2C2 or R2C'3, the remaining vacant cell in row 2 cannot have
the same number.

The relevant information for ruling out the candidacy of 8 for R2C'5 above can be
presented alternatively as follows:

Cl C2 C3||C4 C5 C6|CrT C8 (C9
R1 8 8 8
R2 8 8 8
R3

Each number on this sub-grid is not a given or solved number of the Sudoku puzzle being
considered; rather, it is only a candidate for the corresponding vacant cell. Clearly, with
the potential locations of 8 in box 1 and in row 1 locked, its candidacy for R2C5 can be
ruled out.

The ideas as illustrated in the above four examples are generally enough for solving
many Sudoku puzzles, including those broadly classified as “hard” or “evil.”* However,
to help students develop further skills in logical thinking, it is also useful to show them
some solution methods that are beyond the basic types, once they have become more
experienced with the game. As many advanced Sudoku techniques are based on consid-
erations of individual integers or pairs of integers as candidates for various vacant cells,
we illustrate some of them in the examples below.

Example 5: Like the alternative approach in Example 4, the following grid shows
all potential locations of a specific number, which is a 5 here:

Cl C2 C3|c4 C5 C6|CT C8 C9
RI[5[5 5
R2[5 [ 5 5
R3
R4 5 5 5
R5 5 5|5 5
R6
RT (5) (5)
RS 5 5
R9 ©) (5)

The vacant cells R7C2, R7C8, RIC2, and RICSE, where the integer 5 is shown in paren-
theses, are of special interest. These four cells can be viewed as the corners of a rectangle.
As each of rows 7 and 9 has two potential locations for a 5, the same integer must even-
tually be placed at opposite corners of the rectangle. Regardless of whether R7C2 or

1See, for example, Web Sudoku <http://www.websudoku.com/> for billions of Sudoku puzzles in
four categories, which includes also the “easy” and “medium” types.
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RI9C?2 ends up having a 5, the candidacy of the integer for R1C2 and R2C2 can be ruled
out.’

Example 6: The following grid, which shows the initial locations of the integer 6
as a candidate for various vacant cells, is an extension of the same ideas in the above
example:

Cl1 C2 c3|ca c5 C6||CT C8 (9
Rl 6 6 | 6
R2[ 6 | 6 |(6) (6)
R3 6 6
RAT 6 6
R5 (6) 6 ©) ] 6
R6 [ 6 6 6
R7 6 | (6) (6) (6)
R8[ 6 6
RY[ 6 6 6 | 6 6

Here, the integer that is a candidate for each vacant cell at the intersections of any of
rows 2, 5, and 7 and any of columns 3, 5, and 8 is shown in parentheses. The nine corners
of the group of rectangles formed by intersecting the three rows and the three columns
contain seven vacant cells for which a 6 can potentially be placed.

As each of the three columns must have a 6, the integer, which appears three times
in each column on the above grid, must eventually be placed in each of the three rows.
Thus, the candidacy of the integer for all vacant cells in the same rows not covered by
the corners of the group of rectangles can safely be ruled out. They include R2C'1, R2C2,
R5C6, R5C9, and R7C2.°

For box 1, as a 6 must be placed in its column 2, the candidacy of the integer for
R2C'3 can be ruled out. This in turn leaves R2C5 as the default position for 6 in row 2
and leads to the removal of 6 as a candidate for R1C6 and for R7C5. Now, with R1C2,
R1C7, R3C2, and R3C7 being the four corners of the rectangle in a situation analogous
to that in example 5, the candidacy of 6 for R9C'7 can also be ruled out. The end result,

5In the language of Sudoku, the technique here is called X-wing.

SThe technique here is called Swordfish in the language of Sudoku; it is an extension of X-wing by
considering an extra row and an extra column to place a common candidate. A further extension, which
considers cases of four rows and four columns, is called Jellyfish.
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c1 C2 C3|ca 5 c6|CT C8 C9
R1 6 6

R2 ©)

R3 6 6

Ri| 6 6

R5 (6) (6)

R6 [ 6 6 6
R7 (6) (6)

RS [ 6 6
RO [ 6 6 6 6

Example 7: The following is another example, which shows a different way to utilize
the information on the candidacy of a specific integer — a 9 here — for various vacant

cells on a 6 x 9 sub-grid:

Cl1 C2 C3|ca Cc5 C6|CT C8 (9
R1[ 9 919
R2[ 9 [(9 919 919
R3[9 |9 9 9
RAT 9 919 9
R5[ 9 |9 9 919
R6 9 9

Of special interest here is the 9 in R2C2, which is shown in parentheses.

We now show that 9 cannot be a candidate for R2C2. To do so, let us consider
row 6, where there are only two potential locations for 9. If it is placed in R6C2, no
other cells in column 2 can have the same number. If it is placed in R6C8 instead, then,
with its candidacy for R2C8 and R3C8 ruled out, its default location in box 3 is R2C9.
Accordingly, no other cells in row 2 can have the same number. Thus, in either case,
R2C'2, which belongs to row 2 and column 2, cannot have 9 as a candidate.

Example 8: A similar idea to rule out the candidacy of a number for a vacant cell
can sometimes work well in situations where two specific numbers are the only candidates
for several vacant cells. The following 6 x 9 sub-grid shows an example where the integers

1 and 3 are such candidates:

c1 Cc2 c3| ca C5 c6| CcT C8 C9
R1 [(13) 1 3
R2
R3 [13] 1 3 3
R4 13 ] 13 [ [13]
R5 [ 13] (13)
R6 (13) [13]

http://epublications.bond.edu.au/ejsie/vol4/iss1/3
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Here, the entries in parentheses or brackets are those where 1 and 3 are the only can-
didates. The remaining entries are those where there are other candidates besides the
digits indicated. If one of the two integers 1 and 3 is placed in any cell indicated by (13),
the same integer must be placed in all other cells indicated by (13) and the remaining
integer must be placed in all cells indicated by [13]. Therefore, regardless of the eventual
placements of the two integers in these differently labeled cells, the candidacy of 3 for
R1C9 and R3C7 can be ruled out, as the union of the row and the column containing
each of the two cells will always have a 3.7

Example 9: The following is another situation where some vacant cells on a 3 x 9
sub-grid have exactly two candidates as shown:

cCl C2 C3(|C4 C5 C6|CT C8 (C9
R1 o7 27 | 15
R2 | 15 17 35
R3 24 27 | 15

Here, each of R1C5, R2C'1, and R2C'4 must have one of 1, 5, and 7, regardless of the
exact placements of the three integers there. As R2C6 shares the same row with R2C'1
and R2C4 and shares the same box with R1C5, it cannot have 5 as a candidate. Thus,
by default, 3 is the integer that R2C'6 can have. Notice that the same idea also works if
R2C'6 has more than two candidates. If so, the candidacy of 5 there can be ruled out;
however, the cell remains unsolved.®

3 An example of Excel-based Sudoku

As illustrated repeatedly in various examples in Section 2, a candidate for a vacant cell
is ruled out if it can be established that the same candidate must eventually be placed in
one of the connected vacant cells. However, the applicable techniques for the task do vary,
depending on the individual situations involved. Therefore, a challenge for inexperienced
Sudoku players is to recognize which technique to attempt, when overwhelmed by a vast
amount of information on the 9 x 9 grid of a partially solved Sudoku puzzle.

With the aid of various Excel features, the locations of specific integers or pairs of
integers as candidates for various vacant cells can be extracted and displayed separately.
Before proceeding, we must emphasize that the role of Excel here is not to solve any
Sudoku puzzles for students, nor to trivialize the solution process. The use of Excel
features is intended to make it easier for students to recognize situations for which some
specific Sudoku techniques known to them are potentially applicable. It is still the task
of students to solve each given puzzle.

For Sudoku puzzles encountered by general players of the game, the techniques as
described in the first seven examples in Section 2 are usually adequate. To apply these

"In the language of Sudoku, the technique here is called Remote Pairs.

8In the language of Sudoku, this technique to rule out the candidacy of an integer for a vacant
cell by considering three vacant cells connected to it and among themselves, where three integers must
eventually be placed, is called X Y-wing.
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techniques to situations in Examples 4-7 requires only the locations of each of the nine
integers as candidates for various vacant cells. To apply more advanced techniques,
including those for situations in Examples 8 and 9, requires two additional grids, with
one showing all candidates for each vacant cell and the other showing only cases where
each cell in question has exactly two candidates. In both cases, the given and solved cells
need not be displayed.

Technically, once the candidates for each vacant cell are correctly identified, the given
and solved cells are irrelevant in the solution process. The reason is that the candidates
for each vacant cell are elements of the complement of the union of the sets of integers
in the same row, in the same column, and in the same box containing the vacant cell
in question. There will not be Sudoku rule violations between any selected candidates
and the given and filled numbers on the grid. If there are any violations at all, they
must be among the selected candidates themselves. Thus, an inspection of the separate
Sudoku grids containing the candidates alone is often sufficient to find ways to rule out
redundant candidates in the solution process.

An example of Excel-based Sudoku is provided below. The corresponding Excel file
has been set up to accommodate Sudoku puzzles of different levels of difficulty. The puzzle
for the illustration has been obtained randomly from Web Sudoku <http://www.websudoku.com/>
on the internet, under the “Evil Puzzle” category. The name of the category notwith-
standing, it turns out that the puzzle requires only some of the techniques as illustrated
in the first seven examples in Section 2. In fact, there is no need to examine the Excel
worksheet for any opportunities that the locations of vacant cells with exactly two can-
didates may provide. However, students new to Sudoku will most likely find the required
techniques for solving the puzzle very difficult to comprehend. Thus, from a pedagogic
perspective, it is better to use the Excel worksheet to illustrate some easier puzzles before
attempting any puzzles similar to the one here.
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3.1 Features of the Excel file

A representative part of the Excel worksheet, showing the start of the solution process,

is provided below. The corresponding technical details are also shown.

9

([ alelclolel Jelnl [ Tx] v wnlolrlalsls] Tu

1 Enter only integers here:

TGame 567915679 2 8 1367 6 |169]35s] 4 Glvens 2 2 4

3 67914679 3 |247] 1 | 5 [269]269] 8 3 1 5 8

T 5678|1sse78|15578] O |23487| 46 | 12612356 123567 9

T 2567 3 9 |22a57)2457| 14 | 8 |12456|1256 3 9 3

T 2578|12578|1578] 6 |z24578] 3 |1249)12459]1259 6 3

7 2568|125e8] 4 |125]|258]|189] 3 7 2289 4 3 7

[ | ssavac| se7ee | 5678[ 145 ]a568] 2 [1469]1sesee] 1369 2

| o | 1 |2568|568| 3 9 |468| 7 |2468| 26 1 3 9 7

10 4 |89 68| 1 | 68| 7 5 |1z3sesf12369 4 7 5

1]

1> [Text[s679[567] 2 | 8 [367] 6 | 169]169] 4

; 679]4679 3 [247] 1 5 |269]|269| 8

E B678|145678| 15678 9 |[22487| 46 | 126 |12356] 123567

5| [2567] 3 [ 9 [t2es7]2as7] 14 [ & [raasef1256

I 2578|12578|1578| © |24578] 3 |1249]12459|1259

? 2568|12568] 4 |125]|258]189] 2 7 |12589

2] 356789/ 56783| 5678| 145 |4568| 2 |1469|134623] 1369

E 1 |2568|568| 3 9 |468| 7 |2468| 26

z 4 |2689| 68| 1 | 68| 7 5 |iz3ssa]12369

21|

22 |Pairs All |5679]15679 367 169|12589

23 679]4679 247 269(269

; 46 5678| 145678| 15678 234587] 46 | 126]12355| 123567
Z 14 2567 12457]2457] 14 12456 1256
26 2578125781578 24578 1249|12458| 1259
; 2568|12568 12512581189 12569
; 3ss7e9| 5670|5678 1454568 1469|135639| 1369
29 28 2568568 468 2468| 26
; 68 68 2689 B8 68 123839] 12369
[ 31|

[ 22|One 1 1 1

[ 23]

24 1 1 1 1 1

A 1 1 1| 1

26 | 1 1 1 1 1

Ed 1 1 1 1

38 1 1 1 1

[ 29|

40 1 1

9Readers who wish to bypass the technical descriptions in this subsection can do so without affecting
the readability of the remainder of the article.
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Here, the puzzle has been manually entered into the block M2:U10 of an Excel 2007
worksheet. The numbers in M2:U10 have been pasted to Sugden’s Excel file to generate a
complete set of candidates for each vacant cell. Subsequently, the values generated there
have been pasted to the cells B2:J10 above. To allow all candidates for individual vacant
cells on the Sudoku grid to be displayed, we have opted for “shrink to fit” in Excel’s cell
formatting.'® The Excel file here has been saved as an Excel 97-2003 workbook.

Alternatively, the solution process can start with the puzzle itself. With the values
in M2:U10 directly pasted to B2:J10, the candidates for all vacant cells are to be enu-
merated manually. Another option is to delete the values of some cells that Sugden’s
Excel template provides. In such a case, the starting point of the solution process is
to identify the candidates for these vacant cells. Regardless of the starting point of the
solution process, if the feature of data validation is present in the 81 cells in B2:J10, it
is important to ensure that only values be pasted there. Pasting the contents of other
cells there, other than their values, will cause the loss of the feature of data validation.

We now use a representative cell among the 81 cells in B2:J10 to illustrate how data
validation can be set up. For example, after selecting the cell B2, which represents R1C'1
of the Sudoku grid, we select “Data Validation” in the “Data Tools” group on the “Data”
tab of the menu bar. We then select “Custom” from the menu of “Allow” and paste the
following formula in the formula box provided:

=AND(INT(CELL("contents"))=CELL("contents") ,0R(CELL("contents")>9,AND(CELL
("contents")>0,CELL("contents")<10,COUNTIF($B2:$J2,CELL("contents"))=1,COUNTIF
(B$2:B$10,CELL("contents"))=1,COUNTIF($B$2:$D$4,CELL("contents"))=1)))

This formula, which extends the idea of LRM, allows a positive integer to be entered
in the cell B2. To be acceptable, the integer must either be greater than 9 or satisfy
the condition that it has not already appeared in the filled cells among B2:B10, B2:J2,
or B2:D4. The use of the COUNTIF function is similar to that in LRM; it ensures the
uniqueness of each single-digit entry by ruling out the presence of the same integer in
any connected cells.!! The use of absolute rows or columns (as denoted by $ here) is for
convenience when editing various similar formulas for the 81 individual cells requiring
data validation.

The block B12:J20 contains the text version of the numbers in B2: J10. Specifically,
the cell B12, which uses the formula “=TEXT(B2,"#")”, are copied to the block B12: J20.
This conversion makes it easier for each specific candidate to be extracted from the set of
candidates for each vacant cell, in the same manner as the various displays in Examples
4-7 in Section 2. The block B32:J40, where the locations of the integer 1 as a candidate
for various vacant cells on the Sudoku grid are shown, is only an example. The rest,
including 2,3, ...,9, though not explicitly shown above, are in B42:J120 of the Excel
worksheet.

10This option is available in Excel’s “Format Cells: Alignment” dialog box.

Qee the Appendix of the LRM study for a description of a representative validation formula there.
The formula above extends that in LRM by using also the OR function to accommodate multiple-digit
entries.
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The cell B32 of the worksheet, which represents R1C'1 of the Sudoku grid, uses the
formula “=IF(B2<10,"",IF(COUNTIF(B12,"*1*")>0,1,""))”; the formula is pasted
to the block B32:J40. For the cell B42 of the worksheet not shown above, which also
represents R1C'1 of the Sudoku grid for the display of the candidacy of the integer 2
there, the formula is revised to “=IF(B2<10,"",IF(COUNTIF(B12,"*2*")>0,2,""))”
and pasted to the block B42:J50. The formulas for capturing the candidacy of the
remaining integers are analogous.

To illustrate how each cell formula in B32: J40 works, consider C32, for example. The
cell represents R1C2 on the Sudoku grid, where the five candidates are 1, 5, 6, 7, and 9.
The text version of this multiple-digit number, 15679, has a 1, and its presence is recog-
nized by "*1x" in the formula “=IF(C2<10,"",IF(COUNTIF(C12,"*1%")>0,1,""))”
where the wildcard (*) captures all other candidates on the list. As the criterion for C12 to
have a 1 is satisfied, the function COUNTIF provides a positive count and a 1 is displayed in
C32. In the case of F32, the corresponding formula is “=IF (F2<10,"",IF(COUNTIF(F12,"*1x")>0,1,""))".
The candidates for R1C5, captured by F12, are 3, 6, and 7, and thus there is no 1 on
the list. Accordingly, a blank is resulted for F32.

The blocks B22:J30 and M22:U30 show all occurrences of pairs of candidates and all
candidates, respectively. The formulas for B22 and M22, which are each pasted to the re-
mainder of the corresponding block, are “=IF (AND(B2>0,B2<10) ,"",IF(AND(B2>9,B2<100),B2,""))”
and “=IF(B2<10,"",B2)”, respectively. For these two blocks, numbers in B2:J10 can
be used directly.

3.2 The solution process

For ease of exposition, we now return to the same way Sudoku cells are labeled in Section
2. The block B2:J10 in the Excel worksheet is duplicated as follows:

C1 C2 C3 c4 C5 C6| CT C8 c9

R1 5679 15679 D) 8 367 6 169 13569 4
R2 679 4679 3 247 1 5 269 269 8
R3 5678 145678 | 15678 9 23467 46 126 12356 123567
R4 2567 3 9 12457 2457 14 8 12456 1256
R5 2578 12578 1578 6 24578 3 1249 12459 1259
R6 2568 12568 4 125 258 189 3 7 12569
R7 356789 56789 5678 145 4568 2 1469 | 134689 1369
RS 1 2568 568 3 9 468 7 2468 26
R9 4 2689 68 1 63 7 5 123639 12369

Here, each of R1C6 and R9C4 has a single candidate. In addition, following the same
idea as illustrated in Example 1 in Section 2, we are able to identify the default location
of 3 in box 7, as well as the default location of 7 in box 3. With these four vacant cells
solved, what follows is a series of obvious steps to remove some redundant candidates
and to reach the solved numbers for some of them. The following is at the stage where
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some less obvious forms of logical deduction are required for the process to continue:

cr C2 C3|C4 C5 C6| Cr C8 (9
R1 579 1579 D) 8 37 6 19 1359 4
R2 679 4679 3 27 1 5 269 269 8
R3 568 1568 156 9 23 4 126 12356 7
RA 2567 3 9 2457 2457 1 8 2456 256
R5 2578 | 12578 | 157 6 24578 3 1249 | 12459 | 1259
R6 2568 | 12568 4 25 258 9 3 7 1256
RT 3 5679 567 45 45 2 1469 | 14689 169
RS 1 256 56 3 9 ] 7 246 26
R9 4 29 8 1 6 7 5 239 239

At this stage of the solution process, the locations of 2, 3, 5, and 9 as candidates
for various vacant cells on the Sudoku grid are as follows, with the entries at relevant
locations shown in parentheses (in the article only):

http://epublications.bond.edu.au/ejsie/vol4/iss1/3

c1 C2 C3|ce 5 c6l|CT C8 €9

R1

R2 2 2 2

R3 2 2 2

R4 | 2 2 2 2 2

R5| 2 2 2 2 2 2

R6 | 2 2 2 2 2

R7

RS ) 2 1 2

R9 ) 2 1 2
c1 C2 C3|ca 5 c6|CT C8 €9

R1 (3) (3)

R2

R3 (3) (3)

R7

RS

R9 3 3
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c1 Cc2 c3|ca ¢c5 Cc6llCT C8 (9
RI[5 |5 (5)
R2
R3[5 [ 5] 5 ()
Ri| 5 51 5 5] 5
R5[ 5 [ 5] 5 5 5 | 5
R6[ 5 | 5 51 5 5
RT 515515
RS 51 5
R9

c1 Cc2 c3|ca 5 Cc6llCcT C8 (9
RI[9 ]9 919
R2[ 9 [ 9 919
R3
R4
R5 91909
R6
R7 (9) 91919
RS
R9 9) 919

What is common about the pairs of vertically positioned vacant cells on the four grids
above, all with the corresponding specific candidates shown in parentheses, is that each
pair reveals the only feasible locations for a specific candidate in a given box. Thus, for
the same ideas as shown in Example 5 in Section 2, we can rule out the candidacy of 2
for R5C2 and R6C?2, 3 for RICS, 5 for R4C8 and R5C8, and 9 for R1C2 and R2C2.

The numbers 4 and 5 are locked in R7C4 and R7C5, and thus they cannot be
candidates for any other cells in row 7. Likewise, in box 3, as 3 and 5 must eventually be
placed in R1C8 and R2CS, the candidacy of all other integers for the two cells can be
ruled out. The locked integers 2 and 9 in RIC?2 and RICS also lead to the determination
of R9CY. These three situations are similar to those illustrated in Examples 3 and 4 in
Section 2.

As the process continues, the candidacy of 4 in R7C7 is ruled out, and the default
location for 4 in column 7 becomes R5C7. After some corresponding changes to remove
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more redundant candidates, the grid appears as follows:

ci C2 C3||C4 C5 C6|C7T C8 (9

R1 579 157 9 S 37 6 19 35 4
R2 679 167 3 27 1 269 269 S
R3 568 1568 156 9 23 126 35 7
R4 2567 3 9 2457 T 2457 8 26 256
R5 2578 | 1578 157 6 2578 4 129 1259
R6 2568 | 1568 4 25 258 1256

R7 3 679 67 45 45

RS 1 256 56 3 9
R9| 4 2 8 1 6

169 | 1689 169
7 246 26

5 [ 3

The locked integers 2, 6, and 9 in R2CS8, R4C8, and RICS in column 8 allow R5CS,
R7C8, and R8CS to be determined. These simple steps, in turn, lead to the determina-
tion of R6C2, the revelation of locked integers 2, 5, and 6 in R4C8, R4C9, and R6C9
of box 6, and subsequently the determination of R5C9.

Following the same idea as illustrated in Example 1 in Section 2, we can solve R2C2,
R3C3, and R1CT as well. Now, with 3, 5, and 7 being locked integers in R1C2, R1C5,
and R1C8 of row 1, R1C1 can also be solved. After some obvious steps, we have the

3| 00| || O W| F || | Ot
w
\]

following:

Cl C2 C3|C4 C5 C6|C7T C8 (C9
Ri| 9 [ ° ] 2 8 | 6| 1 ]®] 4
R2 67 4 3 27 1 5 269 269 S
R3 568 568 1 9 23 4 26 35 7
R4 2567 3 9 2457 T 2457 1 8 26 256
R5 2578 | 578 57 6 2578 3 4 1 9
R6 2568 1 4 25 258 9 3 7 256
R7 3 679 67 45 45 D) 69 8 1
R8| 1 256 | 56 3 9 8 7 4 | %
R9| 4 2 8 1 6 7 5 e 3

At this stage, the candidacy of the integer 6 for the remaining vacant cells is shown
in the following:

Cl1 C2 C3|ca Cc5 C6|CT C8 (9
Rl
R2[ 6 6 | 6
R3[ 6 | 6 6
RA [ (6) 6| 6
R5
R6 [ (6) 6
R7 6 | 6 6
RS 6 | 6 6
R9
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As a 6 (shown in parentheses here) must eventually be placed in R4C1 or R6C1, we can
rule out the candidacy of 6 for R2C'1 and R3C'1. With R3C2 being its default position in
box 1, its candidacy for R3C'7, R7C2, and R8C2 can be ruled out as well. The remaining
steps are straightforward. The following is the final solution:

cCl C2 C3(|C4 C5 C6|Cr C8 (C9
7 6 3

R1
R2
R3
R4
R5
R6

R7
R8
R9

\]

=W O] O N ool | ©
O N || | 0o W] O =] Ot
Ol U O | | ©Off | W
Q| ] = O] || ©| N o
O O] U] COf DO W= || |
~J| 0| N|| O W =] | Ot
QY | O W =] 00| DN O] =
DN | OOl | M| || O ©
wl| oo| || ro| of anf| ~a| oo =~

4 Concluding remarks

The educational role of the number-placement game Sudoku has been confirmed by var-
ious academic studies in the recent literature. Notwithstanding the general perception
that Sudoku does not require mathematics, the game has actually raised many intrigu-
ing mathematical issues. In response to the growing attention to Sudoku by educators,
this study is intended to use Sudoku as a tool to help students develop valuable skills
in logical deduction. It draws on the contributions of two recent articles in Spreadsheets
in Education, by Sugden (2007) and Luterbach, Rodriguez, and Milling (2010). Specifi-
cally, by using Excel-based Sudoku puzzles, it makes the game more suitable for use in
classroom settings.

The appeal of Sudoku can be attributed by both its exceptionally simple rules for
beginners and various sophisticated techniques to sustain the interest of experienced
players. As solving a Sudoku puzzle only requires a player’s ability to enumerate numbers
or objects, the game can be introduced to students at any grade level. From a pedagogic
perspective, illustrative examples such as those in Section 2 of this study are suitable
for students at higher grades. For students at lower grades, however, it is better to
use, or at least start with, simpler examples. Regardless of the pedagogic approach for
introducing the game to the classroom, it is the idea that no guessing be allowed that
ensures students pay special attention to logical reasoning in order to narrow down the
candidate list for each vacant cell in the process of solving a given Sudoku puzzle.

Should guessing be always disallowed? To put the question in a proper context,
suppose that a student is unable to proceed any further after exhausting all solution
methods that are known to the student based on logical deduction. In such a case,
should guessing be permissible for the game to proceed? This is a controversial issue
among Sudoku players. The proponents of guessing as a technique of the last resort
argue that, as a wrong choice between the two final candidates for a vacant cell will
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eventually lead to violations of the Sudoku rules somewhere on the grid, guessing is
not any different from proof by contradiction. As an example, the algorithm presented
by Crook (2009) to solve Sudoku puzzles — which requires only the essential Sudoku
techniques like those in the first four examples in Section 2 of this study — explicitly
allows guessing as the last resort. In contrast, the opponents argue that guessing is
fundamentally different from proof by contradiction, as the player is totally unaware of
the eventual outcome for placing an unjustified number on the grid. They also argue
that guessing, if allowed, would trivialize the elegant game of Sudoku.

The pursuit of elegance in how a Sudoku puzzle is solved does require a considerable
time commitment from the player in order to acquire and practise advanced techniques.
However, if the placements of individual numbers on the Sudoku grid are always based
on logical deduction, solving a challenging puzzle will give the player considerable satis-
faction and pride. Indeed, it is the challenge to solve highly difficult puzzles that sustains
the interest of many Sudoku enthusiasts.

The issue of whether guessing is a legitimate Sudoku technique is best left for Su-
doku experts to decide. For us, as educators, what matters is that students can acquire
valuable skills in logical deduction from Sudoku to complement what they can learn in
the core mathematics curriculum. We can pre-screen each Sudoku puzzle to ensure that
the Sudoku techniques acquired by students in the classroom are sufficient to allow the
solution to be reached without guessing. It is hoped that this study can generate further
interest in Sudoku among educators. With collective effort, the effectiveness of Sudoku
as a teaching tool can be greatly enhanced.

Finally, although this study does not wish to enter the contentious debate on guess-
ing, it must acknowledge that an Excel-based Sudoku puzzle accommodates guessing
much more easily than does the paper version. When solving Sudoku puzzles on Excel,
backtracking — the process to retract all subsequent steps caused by an incorrect entry
to a vacant cell — which requires only some repeated strokes on the “undo” button
of Excel, is straightforward. In addition, as the Excel worksheet containing a partially
solved Sudoku puzzle can easily be duplicated, a copy of the worksheet made just before
placing an unjustified number in a vacant cell can be used to check whether it eventually
leads to any Sudoku rule violations.
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Appendix

The Appendix presents two interesting Sudoku properties that are suitable for classroom
discussions. Depending on the grade levels at which Sudoku is utilized as an educational
tool, the two properties can be presented either formally or informally.

Property 1: On any 3 X 9 sub-grid of a solved Sudoku puzzle consisting of three
adjacent 9-cell rows and three adjacent 3 x 3 boxes, the same two numbers in each 3-
cell row of a box always appear in a different 3-cell row of each of the remaining boxes.
Further, if the same three numbers in a 3-cell row of a box appear again in a different
3-cell row of any of the remaining boxes, then all three numbers in each 3-cell row of
any boxr must appear again in the same manner in the remaining boxes.

Notice that the property also holds for a 9 x 3 sub-grid consisting of three adjacent
boxes in a column. In such a case, we simply substitute, respectively, the words “row” and
“rows” with “column” and “columns” in the description of the property. The following
is an example of the first part of this property:

cCl C2 C3||C4 C5 C6||CT C8 (C9
R1| 2 4 ) 8 3 6 1 9 7
R2| 8 1 6 7 9 2 5 4 3
R3| 9 7 3 b} 1 4 8 2 6

Here, the same two numbers 4 and 5 appear in row 1 of box 1, in row 3 of box 2, and in

row 2 of box 3. Analogous statements can be made about the two numbers 6 and 8 and

about the two numbers 7 and 9. The following is an example of the second part of this
property:

Cl C2 C3||C4 C5 Cé6|CT C8 (C9

R1| 1 2 4 6 8 7 3 5 9

R2 | 3 5 9 4 1 2 6 7 8

R3| 7 6 8 9 5 3 2 4 1

Here, the same three numbers 3, 5, and 9 appear in row 2 of box 1, in row 3 of box 2,
and in row 1 of box 3. Analogous statements can be made about the three numbers 1,
2, and 4, as well as three numbers 6, 7, and 8.

To prove this property without any loss of generality, let us place the three numbers
1, 2, and 3 in row 1 of box 1. The exact placement of the three numbers is unimportant
here. There are four scenarios in the placement of the three numbers 1, 2, and 3 in box 2.
Row 2 of box 2 can have three, two, one, or none of the three numbers, with row 3 of the
same box taking up the rest, if any. As we can interchange rows 2 and 3 or boxes 2 and
3 without affecting the validity of the reasoning, we only have to consider the scenarios
where either three or two of the three numbers 1, 2, and 3 appear in row 2 of box 2.

If all of 1, 2, and 3 appear in row 2 of box 2, then, by default, they must also appear
in row 3 of box 3. Subsequently, if three other numbers, such as 4, 5, and 6, are to be
placed in row 2 of box 1, they must also appear in row 1 of box 3 and then in row 3 of
box 2. Finally, the remaining vacant cells in each box must be filled with 7, 8, and 9.
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The 3 x 9 sub-grid will look like the following, with the exact placement of the numbers
in each row unspecified:

CltoC3 C4toC6 CTto(C9

R1 123 789 456
R2 456 123 789
R3 789 456 123

Here, each entry actually represents three numbers that are placed in each 3-cell row of
the corresponding box. In this scenario, the second part of the property is confirmed.
Notice that, in this scenario, the same two numbers in each 3-cell row of a box, as
indicated in the first part of the property, can be any two of the three numbers there.

In the remaining scenario where only 1 and 2 are to be placed in row 2 of box 2, we
have the following:

Clto(C3 C4toC6 C7toC9

R1 123
R2 12 3
R3 3 12

The two numbers in the remaining cells of row 2 of box 3, such as 4 and 5, must appear
in row 3 of box 1 and in row 1 of box 2, as shown in the following;:

Clto(C3 C4toC6 C7toC9

R1 123 45
R2 12 345
R3 45 3 12

Subsequently, the number in the remaining cell in row 2 of box 2, such as 6, must also be
in the remaining cell in row 3 of box 1 and in row 1 of box 3, as shown in the following;:

Clto(C3 C4toC6 C7toC9

R1 123 45 6
R2 126 345
R3 456 3 12

If a number such as 7 appears in remaining cell of row 1 of box 2, it must also appear
in the remaining cell in row 3 of box 3 and in row 2 of box 1, as shown in the following;:

Clto(C3 C4toC6 C7toC9

R1 123 457 6
R2 7 126 345
R3 456 3 127

With the remaining cells in each box filled with 8 and 9, we have the following:
CltoC3 C4toC6 C7toC9

R1 123 457 689
R2 789 126 345
R3 456 389 127
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As each pair of numbers among (1,2), (4,5), and (8,9) always appears in the same row
of each box, the first part of Property 1 is confirmed. Notice that, in the above proof,
the numbers 1,2,3,...,9 that are placed successively on the 3 x 9 sub-grid can also be
any permutations of these nine numbers. The 3 x 9 sub-grid can also cover boxes 4 to 6
or boxes 7 to 9. The proof is analogous if the property pertains to any three vertically
stacked boxes.

Property 2: If each of the vacant cells of a partially solved Sudoku puzzle has exactly
two candidates, none of which can be ruled out by logical deduction, then the puzzle has
either no solution or non-unique solutions.

This property pertains to an issue that has attracted the attention of Sudoku experts
and enthusiasts. Although each Sudoku puzzle as provided in daily newspapers or posted
on websites always has a unique solution, this uniqueness, however, is not a universal
feature of the Sudoku game. The following 3 x 9 sub-grid of an almost completed Sudoku
board is an illustration of the issue:

cCl C2 C3||C4 C5 C6||CT C8 (C9
R1| 8 1 6 4 9 3 7 2 5
R2 | 7 9 3 5 2 | B 4 | B 16
R3| 4 5 2 7 6 | ¥ 9 | B |3

Here, like the examples in Section 2, each single-digit entry is a given or solved number,
and each double-digit entry captures the two candidates for the corresponding vacant
cell. The rest of the Sudoku board, which is not shown here, has been solved. It is clear
that this Sudoku puzzle does not have a unique solution, as there are two ways to place
candidates 1 and 8 in the four vacant cells.

The following is another example:

Cl C2 C3|ca C5 ce6l|lcr €8 €9
R1| [ ] 4 8 [ 71 2 3] 116
R2[ 8 2] 6 34 1]°]9]°%
R3[| 1] 3] 7 51619 8| 2| 4
Ri| 2|1 6 | 5 1| 8| 4 9 1 71| 3
R5[ 71119 2 | 51 3 6 | 4| 8
R6|[ 4| 8] 3 6 | 9| 7 1|5 [ 2
Rl 3" ] 1 71216 4 ] 8 | P
R8 59 a7 2 49 3 8 l5Y4 6 1
RO 6 [ * ] 8| *]1]5 2 1317

Here, the number of vacant cells cannot be reduced any further by logical deduction.
What is peculiar here is that each of the remaining vacant cells has exactly two candi-
dates.

To see this feature more clearly, let us filter out the given and solved cells, as the
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following sub-grid shows:

cCl C2 C3(|C4 C5 C6|CTr C8 (C9
R1| 39 | 59
R2 o7 57
R3
R7 99 99
R8 | 59 | 47 49 o7
R9 47 49 79

There are two solutions to this puzzle; they can be reached by arbitrarily selecting one
of the two candidates for any vacant cell. For example, if we place a 5 in R1C1 to start
the process to eliminate redundant candidates, a solution will be reached; if we place
a 9 there instead, an alternative solution will be reached. The example illustrates that,
if each vacant cell of a Sudoku puzzle has exactly two candidates, its solution can be
non-unique.

This property can easily be proven once we recognize the fact that both candidates
for each vacant cell are already consistent with the given and solved numbers on the
Sudoku grid. As neither candidates can be ruled out by logical deduction, there will not
be any violations of the Sudoku rules between each arbitrarily chosen candidate and
the given and solved numbers on the Sudoku grid. An arbitrary choice between the two
candidates for any vacant cell will lead to a series of default entries to the remaining
vacant cells. If there are no violations of the Sudoku rules, both solutions are acceptable.
Otherwise, the Sudoku puzzle in question does not have a solution.

Why is this property interesting? As Sudoku puzzles are intended to be solved by
logical deduction without guessing, the situation where each of the remaining vacant
cells has exactly two candidates does create a dilemma; in such a situation, guessing is
required for the game to proceed, although the end results, if any, will follow immediately.
As explained below, in similar situations where all but one vacant cells have exactly two
candidates for each cell, this property actually allows us to rule out candidates in the
exceptional cell. As such situations are seldom encountered by casual players of the game,
it is useful for teachers to show students with specific examples how logical deduction
can be utilized to ensure the attainment of the solutions without guessing.
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The following is such an example:

Cl C2 C3||C4 C5 C6||C7T C8 (C9
R1| 8 9 2 4 6 3 ) 1 7
R2| 6 3 7 5 8 1 9 4 2
R3| 4 1 9 7 9 2 6 3 8
RA 5 248 1 38 34 9 47 27 6
R 96 [ ®[2][7[®[3][5]1
R6 | 7 2 3 1 ) 6 8 21
R7| 2 48 9 6 1 5 a ] 3
R8I 3 | 7|8 9 Bl 1]6]5
R9 1 5 6 38 34 7 89 49

To see the placements of all vacant cells more clearly, let us filter out the given and
solved cells to produce the following sub-grid:

cCi C2 C3||C4 C5 C6|Cr C8 (9
R4 248 38 | 34 47 | 27
R5 48 48
R6 24 29 | 49
R7 48 47 | 18
R8 48 48
R9 38 | 34 89 | 49

Here, among the 19 vacant cells, R4C?2 is the only cell not having exactly two candidates;
it has three instead. If we remove the 4 from the candidate list 2, 4, and 8 in R4C?2,
then each of the three vacant cells in column 2 and in box 4 will have a distinct pair
of candidates among 2, 4, and 8, and each of the five vacant cells in row 4 will have a
distinct pair of candidates among 2, 3, 4, 7, and 8. As none of these candidates can be
ruled out by logical deduction, the situation will be the same as what is described in
Property 2.

Notice that having 2 and 8 as the candidates for R4C2 implies that one of them will
eventually be placed there. However, as the placement of either of them there will lead
to a non-unique solution or no solution, they cannot be acceptable if a unique solution
is sought. Thus, the 4 on the candidate list 2, 4, and 8 must be the default choice for
R4C?2. With this cell solved, the remaining steps are trivial.!?

12As 4 is the correct choice for R4C2 in the example, choosing either 2 or 8 instead will lead to
violations of Sudoku rules among some of 19 cells on the grid. In the language of some Sudoku experts
and enthusiasts, the situation as described in Property 2 is called a Bivalue Universal Grave (BUG),
and thus the technique used in the example is sometimes called BUG Remowval.
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