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The Arbitrage Pricing Model: A Pedagogic Derivation and a Spreadsheet-
Based Illustration

Abstract
This paper derives, from a pedagogic perspective, the Arbitrage Pricing Model, which is an important asset
pricing model in modern finance. The derivation is based on the idea that, if a self-financed investment has no
risk exposures, the payoff from the investment can only be zero. Microsoft Excel plays an important pedagogic
role in this paper. The Excel illustration not only helps students recognize more fully the various nuances in
the model derivation, but also serves as a good starting point for students to explore on their own the
relevance of the noise issue in the model derivation.
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The Arbitrage Pricing Model: A Pedagogic Derivation
and a Spreadsheet-Based Illustration

1 Introduction

The Arbitrage Pricing Model of Ross (1976) is a major advancement in modern �nance. The

model is also simply known as the APT, which stands for the Arbitrage Pricing Theory. The

objectives of this paper are two-fold. The �rst objective is to derive the APT from a pedagogic

perspective, by using only familiar mathematical tools, with the help of intuitive reasoning. The

second objective is to illustrate numerically the analytical steps in the model derivation by using

Microsoft ExcelTM :1 Being a numerical rendition of the corresponding analytical materials, the

Excel illustration is intended to help students recognize more fully the nuances of the model

derivation and dispel any remaining mystery. (Readers who are already familiar with the model

and its signi�cance in the �nance literature may skip the remainder of this section.)

Originally intended as an alternative to the Capital Asset Pricing Model (CAPM) of Sharpe

(1964) and Lintner (1965), by considering multi-factor asset pricing instead, the APT has had

profound impacts on �nancial research. It has inspired many theoretical and empirical stud-

ies. The online posting by Professor Robert A. Korajczyk at Kellogg School of Management,

Northwestern University, U.S.A., has listed about 400 articles that are related to the APT and

multi-factor models in the �nance literature, as of August 26, 2014.2

The APT has generated keen interest among investment practitioners as well. In an article in

Financial Analysts Journal, Roll and Ross (1984) have o¤ered some practical perspectives on the

theory. That article was selected for the same journal�s 1995 special issue, 50 Years in Review,

as one of the top-four articles in the decade of 1975-1984. In view of its academic and practical

signi�cance, the APT has been covered in standard �nance textbooks at intermediate and

advanced levels, with or without including model derivations. For example, model derivations

can be found in Copeland, Weston, and Shastri (2005, Chapter 6), Elton, Gruber, Brown, and

Goetzmann (2014, Chapter 16), and Levy and Post (2005, Chapter 11), but not in Bodie, Kane,

and Marcus (2014, Chapter 10) and Hillier, Grinblatt, and Titman (2012, Chapter 6).

1For the remainder of this paper, whenever the name Excel or any of its computational tools is mentioned,
its trademark is implicitly acknowledged.

2The electronic link is http://www.kellogg.northwestern.edu/faculty/korajczy/htm/aptlist.htm .
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Central to the APT is a linear pricing relationship, known as the Arbitrage Pricing Line,

which relates the expected return of each security to some sensitivity measures, in response to

the corresponding economic factors. Derivations of the APT are based on an intuitive idea

that, if a self-�nanced investment has no risk exposures, the payo¤ from such an investment can

only be zero. Otherwise, there will be arbitrage pro�ts to be exploited. It is the absence of

arbitrage pro�ts that enables a pricing relationship of securities to be established. Traditionally,

to implement such an idea in an analytical setting, for the purpose of deriving an arbitrage-free

pricing relationship, requires some mathematical knowledge that is unfamiliar to typical �nance

students. This alone is already a strong enough reason for some �nance textbooks to omit any

model derivation, as students with inadequate mathematical preparedness will likely be unable

to appreciate the analytical nuances involved.

The analytical materials, as presented in Section 3, are con�ned to those directly pertaining

to the attainment of the Arbitrage Pricing Line. As the intended readers include also students,

the model derivation is presented in considerable detail for them to follow on their own. Omit-

ted from the coverage are issues peripheral to this speci�c task. For example, empirical issues

as to how relevant economic factors are identi�ed are not covered; neither are statistical issues

pertaining to joint probability distributions of such factors. Further, in view of the extensive

textbook coverage of various basic properties and implications of the APT, including compar-

isons with those of the CAPM, there is no need to duplicate the same materials here. Interested

readers are referred to the above-mentioned textbooks for details.

The task to establish an arbitrage-free pricing relationship starts with a linear equation

� known as the return generating equation (or the return generating process) � for each of

the many risky securities considered. These equations are for capturing the sensitivities of

individual security returns to the underlying economic factors. The parameters representing

such sensitivities are known as factor loadings. The part of security return that each return

generating equation fails to capture is treated as random noise.

For the model derivation, there is a requirement that, in a portfolio investment setting, the

number of securities in the capital market be large enough for any linear combinations of the

random noise terms in the individual return generating equations to be attenuated e¤ectively.

Indeed, e¤ective attenuation of random noise is a crucial condition for the existence of self-

�nanced risk-free portfolios within the APT framework. The imposition of zero payo¤s on such
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portfolios, in turn, facilitates the attainment of an arbitrage-free pricing relationship.

2 The Pedagogic Role of Excel

The Excel illustration is presented in Section 4. As the intended task is to illustrate the model

derivation, rather than testing the model empirically, the use of arti�cial data is preferable.

It is straightforward to use Excel to generate a large set of arti�cial data, for specifying the

individual return generating equations. Such arti�cial data are then used to determine the

remaining parameters in the derived Arbitrage Pricing Line. Here is a sketch of the Excel tools

and operations involved:

The Excel function RANDBETWEEN is used to produce arti�cial data for all factor loadings

in the return generating equation for each security. As this function returns a random integer

in a given range of values, Excel scroll bars are used to specify such a range for data-entry

convenience. A scaling factor is applied to the integers thus generated, so that the end results

are all real numbers in a range of values suitable for use as factor loadings.

Although how random noise in each return generating equation is distributed is peripheral

to the model derivation in this paper, to generate it for the purpose of a numerical illustration

still requires that a probability distribution be speci�ed. Under the simplest assumption that

the noise has a uniform distribution with a zero mean, the use of the Excel function RANDBE-

TWEEN is adequate. Alternatively, under the assumption of a normal distribution, the noise

can be generated by nesting two Excel functions, NORMSINV and RAND. Here, NORMSINV

returns the inverse of the standard normal cumulative distribution, and RAND� which returns

a random number in the range of 0 and 1� serves as the argument of the nested function. Un-

der either assumption, a scaling factor is required for each randomly generated number, for

specifying the severity of the noise.

In the process of deriving an arbitrage-free pricing relationship, two di¤erent types of port-

folios of securities are constructed. While one type involves self-�nanced investments, the other

type involves portfolios where investment funds are required instead. In the former case, each

portfolio is intended to respond to none of the economic factors. In the latter case, each portfo-

lio is intended to be responsive to a speci�c economic factor and nonresponsive to the remaining

ones.
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Excel Solver is suitable for use to construct both types of portfolios.3 The use of Solver

here di¤ers from that in typical computational settings, for which unique solutions are sought.

As it will soon be clear, there are in�nitely many ways to construct each portfolio that satis�es

a given set of conditions within the APT framework. In view of such a feature, the allocation

of investment funds for each portfolio depends on the initial values used in the Solver search.

Interestingly, it is the lack of uniqueness in portfolio allocations that allows an arbitrage-free

pricing relationship to be derived with only familiar mathematical tools; this is indeed a crucial

feature in the derivation of the APT from a pedagogic perspective.

For computational convenience, two matrix tools in Excel are also used for constructing each

of the above-mentioned portfolios. Speci�cally, with pertinent numerical data stored in arrays,

the sum of products of the corresponding elements there can be computed directly by using the

Excel function MMULT for matrix multiplications. Nesting MMULT with the Excel function

TRANSPOSE � for matrix transposition � allows the matrices involved to have compatible

dimensions for multiplications.

There is an Excel �le to accompany the numerical illustration in Section 4. This �le can

readily be used by instructors to generate arti�cial data for various numerical exercises on the

derivation of the APT for students. A good exercise is to investigate numerically, within

the APT framework, whether there are any payo¤s from self-�nanced portfolios that respond

to none of the economic factors. A crucial requirement for the model derivation is that the

number of risky securities in the capital market be large enough for the random noise terms

in the individual return generating equations to be attenuated e¤ectively in portfolio settings.

The issue as to how large is large enough for the purpose of reaching a self-�nanced risk-free

portfolio depends primarily on the severity of random noise in each return generating equation.

The Excel illustration in Section 4 will serve as a good starting point for students to explore the

noise issue themselves. The work involved will help students recognize more fully its relevance

in the model derivation.

3Solver is a popular numerical tool for constrained optimization. It is one of the Microsoft O¢ce Add-ins.
Users requiring help with its loading and basic operations can access Microsoft O¢ce Excel Help by entering
�solver� as the keyword for the search there.
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3 A Derivation of the Model

Like the CAPM, the APT is also a single-period model that requires the usual assumptions of

homogeneous expectations of investors and a frictionless capital market, where risk-free lending

and borrowing are at the same interest rate. In such a market, short sales of any risky securities

will generate beginning-of-period investment funds for other securities. Under these simplifying

assumptions, the starting point in the derivation of the APT is to capture the random return of

each risky security over the period by means of a linear equation, known as the return generating

equation.

For a market with n risky securities, the random returnRi of any security i; for i = 1; 2; : : : ; n;

is characterized as depending linearly on K common economic factors, each of which has been

mean-removed. The part of the security return that this linear equation is unable to capture

is treated as random noise. For analytical purposes, what each factor represents need not be

speci�ed, and the number of economic factors involved can be any positive integer. A required

condition, however, is that n must be much greater than K: Why such a condition is required

for the model derivation will soon be clear.

3.1 The Return Generating Equation

For ease of exposition, let us start with the special case where K = 3: By labeling the three

mean-removed factors as F1; F2; and F3; the return generating equation for each security i is

Ri = ai + bi1F1 + bi2F2 + bi3F3 + ei: (1)

Here, ai is a coe¢cient. The remaining coe¢cients, bi1; bi2; and bi3; commonly called factor

loadings, are intended to capture the sensitivities of the random return of security i to the

individual factors, which are themselves random variables. The use of double subscripts for

these three coe¢cients, though cumbersome, is necessary; the �rst subscript is used to indicate

the security involved, and the second subscript, the factor involved. The random noise term ei;

which is characterized as having a zero expected value, is the part of the security return that

this linear relationship is unable to capture.

To facilitate an intuitive interpretation of ai in equation (1), let us describe brie�y how each

of F1; F2; and F3 has been reached. Mean removal for a random variable is to subtract its
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expected value from it. Originally, the three economic factors are F 1; F 2; and F 3; with the

corresponding expected values being E(F 1); E(F 2); and E(F 3): Here, we have used E(�) to

denote the expected value of any random variable (�): As

F1 = F 1 � E(F 1); (2)

F2 = F 2 � E(F 2); (3)

and F3 = F 3 � E(F 3) (4)

are mean-removed random variables, their expected values � E(F1); E(F2); and E(F3) � are

all zeros.

By taking expected values of the two sides of equation (1), we can write

E(Ri) = ai + bi1E(F1) + bi2E(F2) + bi3E(F3) + E(ei); (5)

which directly leads to

E(Ri) = ai: (6)

That is, the intercept term ai in the return generating equation for each security i is the expected

value of Ri: This is because each random variable on the right hand side of equation (5) has

a zero expected value. In statistical notation, it is usually labeled as �i: Thus, the return

generating equation for each security i can be restated as

Ri = �i + bi1F1 + bi2F2 + bi3F3 + ei: (7)

3.2 A Self-�nanced Risk-free Investment

Under the assumption of homogeneous expectations, all investors accept equation (7) as being

valid and agree on the values of the coe¢cients involved, for i = 1; 2; : : : ; n: The assumption

of frictionless short sales makes it possible for someone to invest in the n securities with a zero

cash outlay. Suppose that a dollar amount wi is allocated to security i: If wi is positive, the

corresponding investment in security i is the dollar amount wi: If wi is negative instead, security

i is held in a short position, and an immediate cash in�ow, which is equal to the magnitude of

wi; is generated.

To achieve a self-�nanced investment, for which the net dollar amount invested in the n

securities is zero, the condition of
Xn

i=1
wi = 0; (8)

6
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must be satis�ed. Here, the use of a summation sign is for notational simplicity, with
Pn

i=1wi

standing for the sum of the n individual terms, w1; w2; : : : ; wn: This being the case of one

equation with many decision variables, there are in�nitely many ways to assign w1; w2; : : : ; wn

to the n individual securities for the equation to be satis�ed.

For each set of w1; w2; : : : ; wn; the random end-of-period payo¤ (in dollars) from the invest-

ment can be expressed as
Pn

i=1wiRi; which is the sum of the n individual terms, w1R1; w2R2; : : : ;

wnRn: Given equation (7), we can write the investment�s random end-of-period payo¤ as

Xn

i=1
wiRi =

Xn

i=1
wi�i +

�

Xn

i=1
wibi1

�

F1 +
�

Xn

i=1
wibi2

�

F2

+
�

Xn

i=1
wibi3

�

F3 +
Xn

i=1
wiei: (9)

Here, the use of each summation sign is analogous to that described previously.

In addition to the condition that equation (8) provides, let us impose three more conditions

in assigning w1; w2; : : : ; wn to the n individual securities. Speci�cally, under the conditions of

Xn

i=1
wibi1 = 0; (10)

Xn

i=1
wibi2 = 0; (11)

and
Xn

i=1
wibi3 = 0; (12)

the investment�s random end-of-period payo¤ will be una¤ected by any of F1; F2; and F3: Thus,

under such conditions, how these random variables are distributed is not a concern in the model

derivation.

Equations (8) and (10)-(12) represent four simultaneous linear equations with n variables,

which arew1; w2; : : : ; wn: As long as n � 5; there are in�nitely many ways to assignw1; w2; : : : ; wn

to the n individual securities for these four equations to be satis�ed. In the language of �nance,

such a self-�nanced investment has no systematic risk that is associated with the three under-

lying economic factors.

Once the conditions in equations (10)-(12) are imposed, equation (9) becomes

Xn

i=1
wiRi =

Xn

i=1
wi�i +

Xn

i=1
wiei: (13)

Each wiei term in the second summation on the right hand side of equation (13) is part of the

random component of the end-of-period payo¤ from the self-�nanced investment. As each wi is
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not a random variable and each ei; which is random, has a zero expected value, the corresponding

wiei term must have a zero expected value too. The sum
Pn

i=1wiei; which contains both positive

and negative terms to attenuate each other, represents the random component of the net payo¤

from the self-�nanced investment. However, to cancel out all the positive and negative terms

in
Pn

i=1wiei does require n to be very large. If n is large enough to make
Pn

i=1wiei trivially

small, then equation (13) can be approximated very well by

Xn

i=1
wiRi =

Xn

i=1
wi�i: (14)

As
Pn

i=1wi�i is the dollar amount of the expected end-of-period payo¤, an immediate im-

plication of equation (14) is that the end-of-period payo¤ is always as expected. That is, there

is no randomness in
Pn

i=1wiRi: In a market where no arbitrage pro�ts are available, a self-

�nanced investment without any risk must have a zero end-of-period payo¤. This economic

feature is crucial in the model derivation.

Given that the analytical task here is to establish eventually a beginning-of-period pricing

relationship of securities based on available information only, the above economic feature is

better captured by
Xn

i=1
wi�i = 0; (15)

which states that no arbitrage pro�ts are expected. The use of

Xn

i=1
wiRi = 0 (16)

instead is unsuitable for establishing the same pricing relationship. This is because R1; R2; : : : ;

Rn are random variables.

3.3 An Economic Consequence and a Linear Pricing Relationship

It is important to recognize that, while equations (8) and (10)-(12) represent four speci�c con-

ditions in assigning the dollar amounts w1; w2; : : : ; wn to the n individual securities, equation

(15) shows an economic consequence of such conditions. To establish a pricing relationship to

connect �i; bi1; bi2; and bi3; for i = 1; 2; : : : ; n; it is also important that we do not start with a set

of security return generating equations where arbitrage opportunities are readily available. To

see this, suppose that we have two securities, labeled as securities j and k; for which bj1 = bk1;

8
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bj2 = bk2; and bj3 = bk3: In such a case, we must have �j = �k: Having �j 6= �k instead will

indicate the presence of arbitrage opportunities.

Under the assumption of a frictionless capital market, if �j > �k for example, investors can

expect arbitrage pro�ts by purchasing security j with proceeds from short selling security k: Of

course, though expected, arbitrage pro�ts are not assured, because of the presence of random

noise in the return generating equations for the two securities. However, the greater the number

of such pairs of securities with matching factor loadings but di¤erent expected returns, the less

impact will be random noise on potential arbitrage pro�ts.

This example raises the following question: In the derivation of the APT, do we start with

equation (7) where the values of �i; for i = 1; 2; : : : ; n; are known in advance? The answer is

no. We must treat each �i there as a parameter that has yet to be determined. Given equation

(7), each �i is related to the corresponding factor loadings bi1; bi2; and bi3 linearly. Thus, it is

reasonable for us to expect the relationship to be of the algebraic form

�i = �0 + �1bi1 + �2bi2 + �3bi3; (17)

where �0; �1; �2; and �3 are parameters. These parameters, which are common for all n

securities, have yet to be determined.

Before proceeding to verify equation (17) and to determine �0; �1; �2; and �3; let us review

the analytical steps in the model derivation so far, from an algebraic perspective. Given bi1;

bi2; and bi3; for i = 1; 2; : : : ; n; there are in�nitely many feasible results of w1; w2; : : : ; wn from

solving equations (8) and (10)-(12). This is because there are more unknowns than the number

of available equations. Likewise, for each set of feasible w1; w2; : : : ; wn; there are also in�nitely

many feasible results of �
1
; �

2
; : : : ; �n from solving equation (15). However, for the purpose of

establishing a meaningful pricing relationship, the solved �
1
; �

2
; : : : ; �n must be unique. That

is, the solution must be independent of how w1; w2; : : : ; wn are assigned.

Given equations (8), (10)-(12), and (15), where each sum is zero, we can always write

Xn

i=1
wi�i � �0

Xn

i=1
wi � �1

Xn

i=1
wibi1 � �2

Xn

i=1
wibi2 � �3

Xn

i=1
wibi3 = 0; (18)

regardless of the values of the multiplicative constants �0; �1; �2; and �3 for the individual sums.

Equation (18) is equivalent to

Xn

i=1
wi (�i � �0 � �1bi1 � �2bi2 � �3bi3) = 0: (19)
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What is crucial here is that there are in�nitely many ways to assign w1; w2; : : : ; wn and that

equation (19) always holds regardless of how w1; w2; : : : ; wn are assigned. Thus, the linear

combination of the �ve terms, �i��0��1bi1��2bi2��3bi3; as enclosed by the pair of parentheses

in equation (19), must itself be zero before it is multiplied by wi; for i = 1; 2; : : : ; n: This feature

allows us to see why equation (17) must hold.4

3.4 The Roles of the Risk-free Security and Some Speci�c Portfolios

For the purpose of establishing a meaningful pricing relationship of securities, the parameters

�0; �1; �2; and �3 in equation (17) cannot be left unspeci�ed. To �nd a set of meaningful values

of these parameters requires the availability of some additional information. From an algebraic

perspective, as there are four parameters in total to be determined, four known values of some

relevant variables are needed.

It is easy to determine �0: All it takes is to apply equation (17) to a risk-free security. With

the risk-free security labeled as security f; equation (17) becomes

�f = �0 + �1bf1 + �2bf2 + �3bf3: (20)

As security f has zero sensitivity to any of F1; F2; and F3; implying that bf1 = bf2 = bf3 = 0;

we must have

�0 = rf : (21)

Here, we have substituted rf ; a commonly used symbol of the risk-free interest rate, for �f :

Thus, if rf is known, so is �0:

To determine �1; �2; and �3 requires that the expected returns of three speci�c portfolios be

known. Let us use the determination of �1 as an illustration. For this task, let us construct a

portfolio, labeled as portfolio 1; by using the same risky securities in the market. The portfolio is

not self-�nanced; it requires investment funds. The portfolio is intended to have unit sensitivity

4Equation (17) can also be deduced by considering the following six vectors in an n-dimensional space:
w = (w1; w2; : : : ; wn); � = (1; 1; : : : ; 1); b1 = (b11; b21; : : : ; bn1); b2 = (b12; b22; : : : ; bn2); b3 = (b13; b23; : : : ; bn3);
and � = (�

1
; �
2
; : : : ; �

n
): According to equations (8), (10)-(12), and (15), vector w is orthogonal to the

�ve remaining vectors. Thus, these �ve vectors must be on the same hyperplane, satisfying the condition of
� = �0� + �1b1 + �2b2 + �3b2; which is equivalent to equation (17). However, from a pedagogic perspective,
as concepts of hyperplanes are required, the alternative approach here may be too abstract for many �nance
students.
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to F1 and zero sensitivity to each of the remaining economic factors. The details for constructing

such a portfolio are as follows:

Let x1; x2; : : : ; xn be the proportions of investment funds for securities 1; 2; : : : ; n; respectively,

satisfying the condition of
Xn

i=1
xi = 1: (22)

Here, each xi can be of either sign. If zero, the corresponding security is not selected for the

portfolio. These proportions of investment funds are commonly known as portfolio weights.

The random return of portfolio 1; labeled as R1; is the weighted average of R1; R2; : : : ; Rn; with

the corresponding weights being x1; x2; : : : ; xn; that is,

R1 =
Xn

i=1
xiRi: (23)

Combining equations (7) and (23) leads to

R1 =
Xn

i=1
xi (�i + bi1F1 + bi2F2 + bi3F3 + ei)

=
Xn

i=1
xi�i +

�

Xn

i=1
xibi1

�

F1 +
�

Xn

i=1
xibi2

�

F2

+
�

Xn

i=1
xibi3

�

F3 +
Xn

i=1
xiei: (24)

Under the additional conditions of

Xn

i=1
xibi1 = 1; (25)

Xn

i=1
xibi2 = 0; (26)

and
Xn

i=1
xibi3 = 0; (27)

equation (24) reduces to

R1 =
Xn

i=1
xi�i + F1 +

Xn

i=1
xiei: (28)

Thus, portfolio 1 has unit sensitivity to F1 and zero sensitivity to each of the remaining two

economic factors.

As the expected values of the random variables F1 and e1; e2; : : : ; en on the right hand side of

equation (28) are all zeros, the expected value of R1; labeled as �1; is
Pn

i=1 xi�i: Notice that �1

and �
1
are not the same; while the former is the expected return of security 1; the latter is the

expected return of the portfolio that has unit sensitivity to F1 and zero sensitivity to each of the
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remaining two economic factors. Just like the construction of self-�nanced risk-free portfolios,

there are also in�nitely many combinations of x1; x2; : : : ; xn for equations (22) and (25)-(27) to

be satis�ed. However, regardless of how investment funds are allocated for the construction of

portfolio 1; the expected portfolio return is considered to be known for the purpose of model

derivation.

The portfolio construction here di¤ers from the construction of self-�nanced risk-free portfo-

lios considered earlier in that the number of securities involved here need not be large enough for

the noise terms in the individual return generating equations to be attenuated e¤ectively. This

is because, in contrast to the condition in equation (14) for self-�nanced risk-free portfolios,

there is no need for R1 and �1 � which are
Pn

i=1 xiRi and
Pn

i=1 xi�i; respectively � to be

essentially the same here. Indeed, the portfolio construction here can be based on any subset

of the n securities consisting of at least �ve securities.

Given equation (17), we can write

�
1
=

Xn

i=1
xi(rf + �1bi1 + �2bi2 + �3bi3)

= rf + �1
Xn

i=1
xibi1 + �2

Xn

i=1
xibi2 + �3

Xn

i=1
xibi3: (29)

Under the conditions in equations (22) and (25)-(27) for the allocation of investment funds,

equation (29) reduces to

�
1
= rf + �1 (30)

or, equivalently,

�1 = �1 � rf : (31)

In the latter expression, �1 can be interpreted as an excess return, which is the expected return

of of portfolio 1 in excess of the risk-free interest rate. If rf and �1 are known, so is �1:

We now extend the above illustration to determining �k; for k = 1; 2; and 3: For each k; we

form a portfolio k that has unit sensitivity to Fk and zero sensitivity to any of the remaining

factors. Portfolio k is intended to satisfy the conditions of

Xn

i=1
xi = 1; (32)

Xn

i=1
xibik = 1; (33)

and
Xn

i=1
xibih = 0; for h 6= k: (34)
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Here, h 6= k covers all cases of h = 1; 2; and 3; except for h = k: In the case of k = 3; for

example, h 6= k covers both h = 1 and h = 2:

Let �k be the expected return of portfolio k: Just like the previously mentioned di¤erence

between the symbols �
1
and �

1
; while �k without the underscore for the subscript k is the

expected return of security k; �k is the expected return of portfolio k instead. The above

conditions for portfolio construction, when combined with equations (7) and (17), will lead to

�k = �k � rf ; (35)

which allows each �k to be determined if �k and rf are known, for k = 1; 2; and 3: Each �k can

be interpreted as an excess return, which is the expected return of of portfolio k in excess of the

risk-free interest rate.

With �0; �1; �2; and �3 determined, the model derivation is complete, for the special case

where there are three economic factors in the return generating equation for each of the n

securities. The result,

�i = rf + (�1 � rf )bi1 + (�2 � rf )bi2 + (�3 � rf )bi3; for i = 1; 2; : : : ; n; (36)

is the Arbitrage Pricing Line. This is an equilibrium pricing relationship; it relates the expected

return of each security i to the sensitivities of its random return to the three underlying economic

factors, which are random variables themselves.

3.5 Some Analytical Materials in Matrix Notation

To facilitate some Excel-based computations and the explanations of the results in Section 4,

we �rst write equation (17) equivalently as

�i � �0 = �1bi1 + �2bi2 + �3bi3; (37)

where �0; �1; �2; and �3 are unspeci�ed parameters. This being a representative equation where

i can be any of 1; 2; : : : ; n; there are really n equations. In matrix notation, the n equations

can be combined into
2

6

6

6

4

(�
1
� �0)

(�
2
� �0)
...

(�n � �0)

3

7

7

7

5

=

2

6

6

6

4

b11 b12 b13
b21 b22 b23
...

...
...

bn1 bn2 bn3

3

7

7

7

5

2

4

�1
�2
�3

3

5 : (38)
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This matrix equation allows us to compute �
1
��0; �2��0; : : : ; �n��0 for a given set of factor

loadings and given values of �1; �2; and �3; by using basic matrix tools in Excel.

While the factor loadings are constant in the model derivation, the computed values of

�
1
; �

2
; : : : ; �n according to equation (38) depend on the values provided for �0; �1; �2; and �3:

At the stage of the model derivation that con�rms the validity of equation (17) and, equivalently,

equation (38), parameters �0; �1; �2; and �3 are still arbitrary. However, the lack of uniqueness

in the computed values of �
1
; �

2
; : : : ; �n notwithstanding, the sum

Pn

i=1wi�i is always zero.

For equation (38) to be a meaningful security pricing relationship, �0; �1; �2; and �3 cannot

be left unspeci�ed. By letting �0 = rf and �k = �k � rf ; for k = 1; 2; and 3; as established in

the preceding subsection, we can write equation (38) as

2

6

6

6

4

(�
1
� rf )

(�
2
� rf )
...

(�n � rf )

3

7

7

7

5

=

2

6

6

6

4

b11 b12 b13
b21 b22 b23
...

...
...

bn1 bn2 bn3

3

7

7

7

5

2

4

(�
1
� rf )

(�
2
� rf )

(�
3
� rf )

3

5 : (39)

Equation (38), where �0; �1; �2; and �3 are arbitrary, encompasses equation (39) as a special

case. Thus, as the computed sum
Pn

i=1wi�i is zero according to the former equation, it must

also be zero according to the latter equation.

3.6 Extension to the General Case

We now extend the model derivation to a general case, where there are K underlying economic

factors instead. To derive the corresponding Arbitrage Pricing Line, we start with the following

return generating equation:

Ri = ai + bi1F1 + bi2F2 + � � �+ biKFK + ei; for i = 1; 2; : : : ; n; (40)

where the K factors, F1; F2; : : : ; FK ; have been mean-removed. As before, each ai can be

interpreted as the expected return of security i and labeled as �i: Under the K + 1 conditions

of
Pn

i=1wi = 0;
Pn

i=1wibi1 = 0;
Pn

i=1wibi2 = 0; : : : ;
Pn

i=1wibiK = 0; the absence of arbitrage

pro�ts ensures also that
Pn

i=1wi�i = 0: To achieve a self-�nanced risk-free investment, for which

equation (14) holds, n must be much greater than K; so that the magnitude of
Pn

i=1wiei can

be considered to be trivially small. The idea is that, when more economic factors are involved,
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more conditions must be satis�ed to achieve a self-�nanced risk-free investment. Thus, a greater

K requires a greater n for the noise terms to be attenuated e¤ectively.

As there are in�nitely many ways to assign w1; w2; : : : ; wn to the individual securities for the

above conditions to hold, �i; bi1; bi2; : : : ; biK for each security i are connected by

�i = �0 + �1bi1 + �2bi2 + � � �+ �KbiK : (41)

Once �0; �1; �2; : : : ; �K are determined, by considering the risk-free security and K speci�c

portfolios, the corresponding Arbitrage Pricing Line is

�i = rf + (�1 � rf )bi1 + (�2 � rf )bi2 + � � �+ (�K � rf )biK ; for i = 1; 2; : : : ; n: (42)

Here, each �k; for k = 1; 2; : : : ; K; is the expected return of a portfolio that has unit sensitivity

to factor k and zero sensitivity to each of the remaining factors. In matrix notation, equations

(41) and (42) can be written as

2

6

6

6

4

(�
1
� �0)

(�
2
� �0)
...

(�n � �0)

3

7

7

7

5

=

2

6

6

6

4

b11 b12 � � � b1K
b21 b22 � � � b2K
...

...
. . .

...
bn1 bn2 � � � bnK

3

7

7

7

5

2

6

6

6

4

�1
�2
...
�K

3

7

7

7

5

(43)

and
2

6

6

6

4

(�
1
� rf )

(�
2
� rf )
...

(�n � rf )

3

7

7

7

5

=

2

6

6

6

4

b11 b12 � � � b1K
b21 b22 � � � b2K
...

...
. . .

...
bn1 bn2 � � � bnK

3

7

7

7

5

2

6

6

6

4

(�
1
� rf )

(�
2
� rf )
...

(�K � rf )

3

7

7

7

5

; (44)

respectively.

4 An Excel Illustration

The model derivation in Section 3, though requiring only familiar mathematical tools, is quite

lengthy, as compared to analytical materials on many other topics in the standard �nance

curriculum. The Excel illustration in this section goes beyond showing the computations

involved. It is also intended to help students recognize more fully the nuances of the analytical

task. To make the Excel �le accompanying this paper readily accessible to more readers, it has

been saved as an Excel 1997-2003 workbook (which has an extension of .xls).
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The long journey to derive the Arbitrage Pricing Line starts with specifying the return

generating equation for each security. As the choice of the number of economic factors is

not expected to a¤ect students� understanding of the model derivation, the Excel illustration

is con�ned to a three-factor case, for ease of exposition. A crucial requirement in the model

derivation, however, is that the number of securities in the market must be large enough for

the noise terms in the return generating equations to be attenuated e¤ectively in a portfolio

context. For the Excel illustration, n is tentatively set at 100:

Once the security return generation equations for all 100 securities are speci�ed, the next step

is the construction of a self-�nanced portfolio that responds to none of the three factors. Under

the assumption that n = 100 is large enough for the noise terms to be attenuated e¤ectively,

the self-�nanced portfolio is deemed risk-free. The absence of arbitrage pro�ts ensures a zero

payo¤ for such a portfolio. It also establishes a linear relationship between �i and the factor

loadings bi1; bi2; and bi3; for i = 1; 2; : : : ; 100: This is equation (17), where the parameters �0;

�1; �2; and �3 can have any values.

For the linear relationship to be meaningful in the context of security pricing, however, the

four parameters there must be speci�ed. This is where the risk-free security and three speci�c

portfolios with unit and zero factor sensitivities are needed. They provide values of rf ; �1; �2;

and �
3
to make the eventual security pricing relationship meaningful.

As part of the Excel illustration, the validity of the assumption that n = 100 is large enough

for reaching a self-�nanced risk-free portfolio is examined. The Excel �le has been set up in such

a way that the number of securities, the severity of random noise, and various other relevant

numerical data, can easily be changed. Such �exibility will make it easier for students to explore

the noise issue as exercises. Here are the details of the Excel illustration:

4.1 Speci�cation of Each Return Generating Equation

Figure 1 displays the worksheet named �RetGenEq.� It shows how the individual return gener-

ating equations are speci�ed, for the case where K = 3 and n = 100: With column A providing

the security label, columns B-D (starting from row 13) display the factor loadings bi1; bi2; and bi3;

for i = 1; 2; : : : ; 100; which are randomly generated under some uniform distributions. For con-

ciseness in presenting a vast amount of illustrative data, rows 40-110, where the factor loadings

and some other data for i = 28; 29; : : : ; 98 are stored, are not displayed in Figure 1. Likewise,
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Figure 1   Numerical Specification of Return Generating Equations and Generation 

of Initial Values for Solver Searches.
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the corresponding rows in all subsequent �gures are also not displayed. However, these hidden

data are still used in the computations involved.

The range of the factor loadings in each column is based on the values of the two cells in the

same column, which are linked to the adjacent scroll bars.5 Each bi1 in B13:B112 is generated

over the range of (m � s)=1000; where m and s are the selected values from the two scroll

bars labeled as �Mean and spread.� With the two scroll bars set to cover integer values of

0� 1000 for m and 0� 2000 for s; the linked cell values of m = 600 in B2 and s = 1200 in B3

correspond to (m� s)=1000 = �0:60 and (m+ s)=1000 = 1:80: Thus, the uniform distribution

for generating each bi1 randomly is over the range of �0:60 to 1:80; and each cell formula in

B13:B112 is =RANDBETWEEN(B$2-B$3,B$2+B$3)/1000.

The selection of m and s to generate bi2 and bi3; for i = 1; 2; : : : ; 100; in C13:C112 and

D13:D112, respectively, also involves scroll bars of analogous features, except for the linked

cells. Thus, each bi2 in C13:C112 and each bi3 in D13:D112 can be generated in the same

manner. The corresponding cell formulas are =RANDBETWEEN(C$5-C$6,C$5+C$6)/1000

and =RANDBETWEEN(D$8-D$9,D$8+D$9)/1000. In the illustration here, m = 500 and

s = 1000; as displayed in C5 and C6, respectively, are for specifying each bi2; m = 400 and

s = 800; as displayed in D8 and D9, respectively, are for specifying each bi3:

The factor loadings bi1; bi2; and bi3; for i = 1; 2; : : : ; 100; which are part of the input pa-

rameters in the Excel illustration, could be entered manually to B13:D112 instead. However,

to generate these 300 numbers randomly with the help of scroll bars and the Excel function

RANDBETWEEN does reduce the burden in data entry for the current illustration. The ap-

proach here also provides great �exibility in generating new sets of input parameters for any

subsequent student exercises to explore the nuances in the model derivation.

To complete the speci�cation of the return generation equation for each security requires

that a zero-mean noise term be generated as well. Columns E and F (starting from row 13)

display the results from two di¤erent approaches to specify ei; for i = 1; 2; : : : ; 100: Given

the extensive use of the Excel function RANDBETWEEN elsewhere in Figure 1, the approach

involving a zero-mean uniform distribution is self-explanatory. Each cell formula for E13:E112

5A scroll bar can be generated by selecting Insert, then Form Controls, under the Developer tab. The
minimum and maximum values, the incremental change, and the cell link are based on user input. Changes to
any of these settings are straightforward.
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is =RANDBETWEEN(-E$2,E$2)/100000, where E$2 is linked to its adjacent scroll bar for

covering integer values of 0� 4000: The greater the selected value from the scroll bar, the more

severe is the noise.

The alternative approach to generate a zero-mean noise term involving the use of the Ex-

cel function NORMSINV requires an explanation. The function NORMSINV provides the

inverse of the standard normal cumulative distribution. The standard normal distribution,

by de�nition, is a normal distribution with a zero mean and a unit standard deviation. As

an example involving such a distribution, let us consider cumulative probabilities of 2:5% and

97:5%: The corresponding departures from the zero mean, in terms of the numbers of unit

standard deviations, are �1:9600 and 1:9600: Thus, cell formulas =NORMSINV(0:025) and

=NORMSINV(0:975) return �1:9600 and 1:9600; respectively. That is, a 2:5% tail area on

either side of a normal distribution corresponds to a departure of 1:9600 standard deviations

from the mean.

The argument RAND() of the function NORMSINV provides a random number in the range

of 0 to 1; which covers all cumulative probabilities. The formula =F$5*NORMSINV(RAND())

/100000 for each cell in F13:F112 generates a zero-mean noise term in the corresponding security

return. The multiplicative factor F$5/100000, which represents the standard deviation of the

normally distributed noise, is for specifying its severity. The greater the corresponding cell

value, the more severe is the noise. For the illustration here, E2 and F5 are set at 3000 and

2000; respectively. In the former case, each randomly generated ei is set to be within the range

of �0:03 (or, equivalently, �3%); in the latter case, the standard deviation of the zero-mean

normal distribution is set at 0:02 (or, equivalently, 2%):

Notice that the random numbers from the Excel functions RANDBETWEEN and RAND

are automatically regenerated, whenever a computation takes place somewhere in the Excel �le.

Thus, to keep any set of randomly generated numbers constant for subsequent use, the corre-

sponding cell contents will have to be pasted as their values. This can easily be accomplished

by making a duplicate copy of the same worksheet, where all cell contents are subsequently

replaced by the corresponding values.

19

Kwan: The Arbitrage Pricing Model

Published by ePublications@bond, 2016



4.2 Construction of Self-�nanced Risk-free Portfolios

The worksheet for Figure 1 also uses the Excel function RANDBETWEEN to generate some

preliminary values of wi and xi; for i = 1; 2; : : : ; 100: The cell formula to generate each wi in

G13:G112 is =G$8*RANDBETWEEN(-100,100)/10000. The scroll bar that is linked to G8 is

set to cover integer values of 0� 10000: As wi represents the dollar amount that is assigned to

security i; for the construction of a self-�nanced risk-free portfolio, the value in G8 serves as a

scaling factor to adjust the invested amount. The cell formula to generate each xi in column H

(starting from H13) is =RANDBETWEEN(-100,100)/1000.

The values of wi and xi as displayed in Figure 1 are intended for use as initial values in Solver

searches in subsequent steps. As indicated in G11 and H11 under the heading of �Column sums,�

such initial values do not satisfy the conditions of
P

100

i=1wi = 0 and
P

100

i=1 x = 1: However, these

violations are not a concern; any values of the 100 decision variables in each case are suitable

for initiating a Solver search for which there are in�nitely many solutions.

All input parameters in subsequent �gures are shaded in yellow. The worksheet, named

�W,� as displayed in Figure 2 is intended for two major tasks. Under the assumption that

n = 100 is adequate for attenuating the noise terms e¤ectively, the �rst task is to construct

self-�nanced risk-free portfolios based on the set of factor loadings as displayed in B13:D112.

This is the same set of randomly generated data already displayed Figure 1. The four columns

of numbers in G13:J112 under the headings of �wi, wi*bi1, wi*bi2,� and �wi*bi3� in row 12 are

Solver results of wi; wibi1; wibi2; and wibi3; for i = 1; 2; : : : ; 100:

As there are in�nitely many ways to construct portfolios satisfying equations (8) and (10)-

(12), where n = 100; the initial values of wi; for i = 26; 27; : : : ; 100; are retained in the Solver

search. That is, only 25 values of wi; for i = 1; 2; : : : ; 25; as displayed in G13:G37 need changes.

For this task, a scroll bar linked to G6 is set to cover integer values of 0� 200: With G5 being

the negative of the selected value in G6, a range of permissible values for these 25 values of

wi is established. In the illustration here, the selected range is from �100 to 100: In the

Solver search, the target cell $G$10 is set equal to 0, by changing $G$13:$G$37, subject to the

constraints of $G$13:$G$37<=$G$6, $G$13:$G$37>=$G$5, $H$10=0, $I$10=0, and $J$10=0.

The Solver results of
P

100

i=1wi;
P

100

i=1wibi1;
P

100

i=1wibi2; and
P

100

i=1wibi3 are as displayed in

G10:J10. They are all zeros, subject to minor rounding errors. The use of scienti�c notation in
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Figure 2    Construction of Self-financed Risk-free Portfolios.
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displaying these numbers is for showing the precision involved. For example, the number 3.90E-

14 in G10 is 0.00...0390, where 3 is preceded by 13 zeros after the decimal point. (Hereafter,

whenever a statement is made about a cell�s computed value being zero, it is implicit that the

value is subject to minor rounding errors.) This fact con�rms the success of the Solver search.

It is easy to verify numerically that, for the same set of factor loadings, repeated Solver searches

with di¤erent initial values of wi will lead to di¤erent search results. Regardless of the search

results, the column sums in G10:J10 will always be zeros.

The second task of the worksheet for Figure 2 is to verify that, regardless of the Solver search

results, there are always no arbitrage pro�ts. To verify numerically that
P

100

i=1wi�i is always

zero, some known values of rf ; �1; �2; and �3 � or, equivalently, �0; �1+�0; �2+�0; and �3+�0

in view of equations (21) and (35) � are required. The four scroll bars in columns B-D are

for generating these values. Speci�cally, the scroll bar linked to C2, which is for 100rf ; is set

to cover integer values of 0� 10: In the illustration here, the selected rf in B2 via the formula

=C2/100 is 0:04 (or, equivalently, 4%): The three scroll bars for use to provide 100 times the

values of �
1
� rf ; �2 � rf ; and �3 � rf are analogous; they are all set to cover integer values of

0 � 20: The selected values of �
1
� rf ; �2 � rf ; and �3 � rf ; as displayed in B7:D7, are 0:11;

0:07; and 0:03 (or, equivalently, 11%; 7%; and 3%); respectively. The corresponding values of

�
1
; �

2
; and �

3
; as displayed in B10:D10, are 0:15; 0:11; and 0:07 (or, equivalently, 15%; 11%;

and 7%); respectively.

In view of equation (39), the values of �i� rf ; for i = 1; 2; : : : ; 100; can be computed directly

via basic matrix operations. In Figure 2, the computed results are displayed in E13:E112. The

matrix operations, which require the �Shift, Ctrl, and Enter� keys to be pressed simultaneously

for the selected block E13:E112, are via the formula =MMULT(B13:D112,TRANSPOSE(B7:D7)

). This formula nests two matrix functions in Excel. The function TRANSPOSE is used to

transform the 1� 3 matrix in B7:D7 into a 3� 1 matrix, so that it can be pre-multiplied by the

100 � 3 matrix in B13:D112. The values of �i; for i = 1; 2; : : : ; 100; as displayed in F13:F112,

are deduced by adding back the value of rf to each cell in E13:E112.

With each �i determined, the corresponding value of wi�i and hence the sum
P

100

i=1wi�i can

easily be computed. The sum as displayed in K10 is zero. For the same set of factor loadings

in B13:D112, there are two ways to check the robustness of the result in K10. One way is to

perform the Solver searches repeatedly, with di¤erent initial values of w1; w2; : : : ; w100 for each
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search. A simpler way is to vary the values of rf ; �1; �2; and �3; via the four scroll bars involved.

Either way, any changes in the displayed values in column K will be readily noticeable.

From an algebraic standpoint, the set of values of rf ; �1 � rf ; �2 � rf ; and �3 � rf ; as

stored in B2 and B7:D7, can be viewed as one of the in�nitely many ways to assign values of

�0; �1; �2; and �3 for use in equation (38). Each set of these parameter values corresponds to

a set of computed values of �
1
; �

2
; : : : ; �

100
in F13:F112. Regardless of what arbitrary values

of these four parameters are used and how unrealistic some computed values of �
1
; �

2
; : : : ; �

100

may appear, the sum
P

100

i=1wi�i in K10 is always zero. The robustness of such a result is not

surprising, as a non-zero sum in K10 would indicate arbitrage pro�ts.

4.3 Construction of Portfolios with Unit and Zero Factor Sensitivi-

ties

The next step in the numerical illustration is to show how portfolios 1; 2; and 3 are constructed.

Figure 3 is based on three separate worksheets for such a task, named �Port1, Port2,� and

�Port3.� The Solver search in each of the three worksheets is based on the same set of factor

loadings from B13:D112 of the worksheet for Figure 2. These factor loadings and the cells

in B2, B7:D7, and B10:D10, which contain the same values of rf ; �1; �2; and �3 in Figure 2,

are duplicated in each of the three worksheets at the corresponding cell locations. So are the

computed values of �i � rf and �i; for i = 1; 2; : : : ; 100; in E13:F112.

The three worksheets are set up in the same way, except for some di¤erences in the Solver

part. The �rst page of Figure 3, which is about the construction of portfolio 1; shows all rele-

vant columns of the worksheet named �Port1.� Columns G-K contain results that are speci�c to

portfolio 1: To construct portfolio 1 with Solver, the target cell $G$10 is set equal to 1, by chang-

ing $G$13:$G$37, subject to the constraints of $G$13:$G$37<=$G$5, $G$13:$G$37>=$G$4,

$H$10=1, $I$10=0, and $J$10=0. The Solver settings for portfolios 2 and 3 are the same,

except for the last three constraints. Speci�cally, for portfolio 2; the last three constraints

are $H$10=0, $I$10=1, and $J$10=0; for portfolio 3; the last three constraints are $H$10=0,

$I$10=0, and $J$10=1 instead.

The second page of Figure 3 shows the results in columns G-K of the two worksheets that

are speci�c to portfolios 2 and 3: The results in columns G-K of the worksheets for portfolios 2

and 3 are duplicated in columns L-P and columns Q-U, respectively, by means of some linking
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Figure 3    Construction of Portfolios with Unit and Zero Factor Sensitivities.
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Figure 3   Construction of Portfolios with Unit and Zero Factor Sensitivities (continued).
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formulas. For example, on the second page of Figure 3, the formula for L13 is =Port2!G13,

which duplicates the content of G13 in the worksheet named �Port2,� and the formula for Q13

is =Port3!G13, which duplicates the content of G13 in the worksheet named �Port3.�

For ease of exposition when describing the results and the computations involved in Figure 3,

only the column headings in the three original worksheets are mentioned below. For clarity, the

original column headings, G-K, are also displayed in G1:U1 of Figure 3. Each page of Figure 3

has two panels, which are separated by a vertical line. Each of the panels for portfolio-speci�c

results shows the corresponding original worksheet name as well.

Three di¤erent sets of randomly generated xi; for i = 1; 2; : : : ; 100; are used as the initial

values for the three Solver searches. Changes to these values in each Solver search are con�ned

to i = 1; 2; : : : ; 25 only. To avoid extreme outcomes in allocations of investment funds, the

Solver result for each of these 25 values of xi is con�ned to be in the range of �0:5 to 0:5; as

indicated in G4:G5 for each portfolio.

As shown in G10:J10 for each portfolio, the conditions for constructing portfolios 1; 2; and

3 are all satis�ed. Speci�cally, portfolio k has unit sensitivity to factor k and zero sensitivity

to each of the remaining factors, for k = 1; 2; and 3: Based on each set of Excel search results

of xi in G13:G112, the values of xi�i are stored in K13:K112. As con�rmed in K10, the sum
P

100

i=1 xi�i always matches the expected return of the corresponding portfolio. This result is

robust, regardless of what initial values of xi are used in the Solver searches.

Notice that, unlike the Solver searches for the construction of self-�nanced risk-free portfolios,

where all 100 securities are involved, the Solver searches here can be based on any subset of

the 100 securities. The only requirement is that each search must be based on �ve or more

securities. The three worksheets for Figure 3 are set up in such a way that each Solver search

can accommodate 26 � n � 100: This can easily be achieved by using zeros for some or all

initial values in G38:G112, where x26; x27; : : : ; x100 are stored.

4.4 The Noise Issue

A crucial condition in the derivation of the APT is that the number of securities in the market

must be large enough for the noise in the return generating equations for individual securities

to be attenuated e¤ectively in a portfolio context. However, the analytical materials in the

model derivation cannot provide, and are not meant to provide, any guidance as to how large
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n must be for this condition to hold. Intuitively, the more severe is the noise ei in the return

generating equation for each security i; a larger n is required for the sum
Pn

i=1wiei in equation

(13) to become trivially small.

As mentioned earlier, each randomly generated ei for the Excel illustration here either is in

the range of �0:03 for a uniform distribution or has a standard deviation of 0:02 for a zero-mean

normal distribution. For such distributions, whether n = 100 is large enough to attenuate the

noise e¤ectively is assessed in the worksheet (named �Noise�) for Figure 4. For this task,

columns A-F of Figure 4 duplicate the corresponding data in Figure 2. Columns G-I of Figure

4 duplicate (in G13:I112) the same values of w1; w2; : : : ; w100 in G13:G112 of Figure 2 and the

same two sets of e1; e2; : : : ; e100 in E13:F112 of Figure 1. In Figure 4, computed values of

w1e1; w2e2; : : : ; w100e100 are displayed in J13:K112. The corresponding column sums, with each

being
Pn

i=1wiei; are displayed in J4:K4.

When compared to the sums
P

100

i=1wi;
P

100

i=1wibi1;
P

100

i=1wibi2;
P

100

i=1wibi3; and
P

100

i=1wi�i in

G10:K10 of Figure 2, which are all zeros (subject to rounding errors), each sum
P

100

i=1wiei in

J4:K4 of Figure 4 is far from being a zero. Repeated computations with di¤erent Solver results

of w1; w2; : : : ; w100 and di¤erent sets of random noise (from the same distributions) still result

in each sum
P

100

i=1wiei being non-zero. Thus, for the set of numerical data in the illustration,

n = 100 does not seem to be adequate for attenuating the noise e¤ectively.

As the model derivation hinges on the success of noise attenuation in a portfolio context, the

issue as to how many securities are really needed for a self-�nanced portfolio to become risk-free

deserves to be addressed. The Excel illustration here can serve as a good starting point for

students to examine the noise issue more closely. Using the same Excel �le accompanying this

paper, students can explore on their own the impact of varying the severity of random noise in

the return generating equations on the required number of securities in the market. Such an

exercise will help them appreciate more fully the relevance of the noise issue in the derivation

of the APT.

5 Concluding Remarks

What underlies the derivation of the APT is a simple idea. Speci�cally, a risk-free investment

that requires no cash outlays must have zero payo¤s; otherwise, arbitrage pro�ts would be
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Figure 4   An Example of Inadequate Noise Attenuation.
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available. However, seemingly innocuous uses of some basic �nance terms to articulate this

simple idea could still cause inadvertent confusions to students. In particular, although the

term rate of return (or, simply, return) is not applicable to self-�nanced portfolios for which no

investment capital � i.e., a zero in the denominator for each return computation � is involved,

standard textbook explanations of the absence of arbitrage pro�ts from such portfolios still

routinely rely on its use.6

To deepen the perceived mystery of the APT to many �nance students, textbook derivations

of the model all require some mathematical knowledge that is likely unfamiliar to them. This

paper, which has derived the Arbitrage Pricing Line from a pedagogic perspective, is intended

to dispel any remaining mystery of the model. The model derivation has a crucial requirement.

Speci�cally, the number of securities in the market must be large enough for self-�nanced risk-

free portfolios to be constructed. Given such a requirement, as there are many more securities

than the number of linear constraints for portfolio construction, there will be in�nitely many

ways to allocate investment funds among the available securities. Interestingly, it is the lack

of uniqueness in the allocation of investment funds that facilitates a pedagogic derivation of the

model.

Excel plays an important pedagogic role in this paper. It is also the same lack of uniqueness

that allows Excel Solver to be used by students as a numerical tool to recognize the various

nuances of the model derivation. The Excel �le accompanying this paper has been set up in

such a way that it is easy to generate di¤erent sets of data for the numerical tasks involved. Of

particular importance is the noise issue. Although it is required in the model derivation that

the noise be attenuated e¤ectively in a portfolio context, whether the requirement is satis�ed

can be revealed only in numerical settings. Thus, the Excel illustration in this paper is a good

starting point for students to gain valuable hands-on experience with the noise issue in the model

derivation.

6For example, Levy and Post (2005, Chapter 11) state that �(s)ince the arbitrage portfolio involves no net
investment and no risk, it must yield a zero expected return,� (p. 372). Likewise, Copeland, Weston, and
Shastri (2005, Chapter 6) state that �(i)f the return on the arbitrage portfolio were not zero, then it would be
possible to achieve an in�nite return with no capital requirements and no risk,� (p. 178).
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