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Empowering Polynomial Theory Conjectures with Spreadsheets

Abstract

Polynomial functions and their properties are fundamental to algebra, calculus, and mathematical modeling.
Students who do not have a strong understanding of the relationship between factoring and solving equations
can have difficulty with optimization problems in calculus and solving application problems in any field.
Understanding function transformations is important in trigonometry, the idea of the general antiderivative,
and describing the geometry of a problem mathematically. This paper presents spreadsheet activities designed
to bolster students' conceptualization of the factorization theorem for polynomials, complex zeros of
polynomials, and function transformations. These activities were designed to use a constructivist approach
involving student experimentation and conjectures.
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Cover Page Footnote
The authors wish to thank the Grand Canyon University Center for Innovation in Research and Teaching
Priority Research Program for supporting this project.

This in the classroom article is available in Spreadsheets in Education (eJSiE): http://epublications.bond.edu.au/ejsie/vol10/iss1/2


http://epublications.bond.edu.au/ejsie/vol10/iss1/2?utm_source=epublications.bond.edu.au%2Fejsie%2Fvol10%2Fiss1%2F2&utm_medium=PDF&utm_campaign=PDFCoverPages

Petersdinh and Beaumont: Empowering Polynomial Theory Conjectures with Spreadsheets

Abstract

Polynomial functions and their properties are fundamental to al-
gebra, calculus, and mathematical modeling. Students who do not
have a strong understanding of the relationship between factoring and
solving equations can have difficulty with optimization problems in
calculus and solving application problems in any field. Understand-
ing function transformations is important in trigonometry, the idea of
the general antiderivative, and describing the geometry of a problem
mathematically. This paper presents spreadsheet activities designed
to bolster students’ conceptualization of the factorization theorem for
polynomials, complex zeros of polynomials, and function transforma-
tions. These activities were designed to use a constructivist approach
involving student experimentation and conjectures.

Keywords: experimentation with functions, function transformations, poly-
nomial theory, factorization theorem for polynomials, conjugate pairs theo-
rem, spreadsheets, active learning, inquiry-based learning

1 Introduction

Many active and exploratory learning activities use an approach based in
constructivism; students start with a situation or problem, form the questions
that would lead them to a solution, and develop an approach to explain or
solve the problem. While it is not clear whether a constructivist approach
in mathematics education significantly improves student learning outcomes
[4], it is well-aligned with the scientific method and the pattern-finding and
conjecturing approach that mathematicians use to develop theorems.

Rauff [§] discusses how students’ beliefs about factoring influence their
ability to understand and work with the factored form of a polynomial. Al-
lowing students to experiment and form conjectures about polynomials rather
than simply presenting them with theorems and rules should help them be-
lieve the statements of the theorems more completely. Connecting students’
beliefs and ideas about the algebraic, geometric, and numerical properties
of polynomial functions should help them understand such functions at a
deeper level.

Since at least 1985, spreadsheets have been used in educational settings
to aid student learning [5]. Spreadsheets are a valuable tool for instructors to
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design activities since they can accomplish complex mathematical, statisti-
cal, and graphical tasks without requiring much programming knowledge. If
students are required to use a common platform such as Excel, spreadsheets
also avoid many issues of compatibility that may result from web-based tools
or software that requires installation. In higher education, many universities
provide Microsoft Office to students for free or at a discounted price, which
helps break down the barrier of access to the technology. Spreadsheets are
also widely used in workplace and laboratory environments, so the familiar-
ity and skills that students gain through classroom spreadsheet activities is
transferable to their future educational and work endeavors.

The work of Sadri [9] presented spreadsheet activities to help students
understand polynomials and other functions. These activities were intended
for secondary mathematics education, aligned with the Common Core Stan-
dards for Mathematics [3] and the earlier work by Alagic and Palenz [I]. Sadri
included an activity that enabled students to experiment with the properties
of quadratic functions and further activities that automated the calculations
involved in applying the rational zeros theorem and the intermediate value
theorem [7]. We aim to take further steps along this path with additional
polynomial theory. Spreadsheets are used to expedite calculations, including
computations with complex numbers that could not be accomplished on a
standard graphing calculator. More importantly, the goal is to allow students
to experiment with polynomial functions and receive instant symbolic and
graphical feedback about how their choices affect the formula and graph of
a function.

In this paper, we present activities intended for a precalculus or college
algebra course at either the secondary or postsecondary level. These activities
were designed in Microsoft Excel because of its wide availability. We did
not use any macros, visual basic, or similar enhancements to Excel’s basic
functionality for ease of instructor implementation and to avoid issues of
compatibility and security settings on students’ computers.

2 Activity: Factors of a Quartic Polynomial

This classroom activity uses a quartic polynomial to develop the factorization
theorem for polynomials, the behavior of a polynomial near z-intercepts,
and the conjugate pairs theorem [7]. This follows a constructivist approach
where students choose coefficients, investigate the changes in the shape of
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evaluate =VALUE(IMPRODUCT(IMSUM(KE,C$2),IMSUM(K6,ES2), IMSUM(K6,GS$2), IMSUM(K6,1$2)))
check precision =IF(ABS(IMAGINARY(L6))<(104-10),IMREAL(L6),L6)

Figure 1: Formula to evaluate f(z) with any four complex constants.

the polynomial, and develop conjectures about the behavior of polynomials
in general. The repetition of the word “factor” in the instructions is intended
to reinforce the concept for students who still have some uncertainty about
the definition and process of factoring.

The spreadsheet allows students to select constants in the factored form of
a fourth-degree polynomial and view the resulting graph and expanded form
of the polynomial. We chose to have students input their constants to the
form f(z) = (x+k1)(x+ka)(x+ks)(x+kq) rather than the standard factored
form f(x) = (x — z1)(z — 22)(x — z3)(x — 2z4) to make students consciously
think about how the signs of the zeros of f are the opposites of the signs of
the constants that appear in the factored form.

In order to allow the most general case where any complex number can
be a zero of the function, the IMSUM and IMPRODUCT functions were
used rather than standard addition and multiplication. Because Excel can
have issues with floating-point precision [6], complex terms do not always
cancel as they should through multiplication and addition. This can result
in values that should be real having a very small imaginary part. The IF
and IMAGINARY functions were used to check for a small imaginary part,
and the REAL function eliminates an imaginary part that was the result of a
rounding error. The two steps in the formula (evaluating and then checking
for floating-point error) appear in Figure [1, These could be combined in a
single formula, but are kept separate in the figure for clarity.

If proficiency in Microsoft Excel commands is one of the learning outcomes
of the course, the activity could begin by asking students to enter a formula
to generate the function values and fill it down. Depending on the level of the
students’ Excel knowledge, this could be done for the case of real constants
only or for the more general case that handles complex constants.

The IMSUM and IMPRODUCT functions were also used to display the
coefficients of the polynomial in expanded form, so students can make a
visual connection between the factored form and expanded form, as well as
being able to see when the coefficients have a nonzero imaginary part. Figure
[2 shows the formulas for the coefficients.
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term coefficient

x* 1

X =IMSUM(C2,E2,G2,12)

'S =IMSUM(IMPRODUCT(C2,E2),IMPRODUCT(C2,G2),IMPRODUCT(E2,G2),IMPRODUCT(C2,12),IMPRODUCT(E2,12),IMPRODUCT(G2,12))
X =IMSUM(IMPRODUCT(C2,E2,G2),IMPRODUCT(C2,E2,12),IMPRODUCT(C2,G2,12),IMPRODUCT(E2,G2,12))

constant =IMPRODUCT(C2,E2,G2,12)

Figure 2: Coefficients for the expanded form of f(x).

If an instructor wants students to generate Excel commands as part of
the activity, the students could be asked to find the expanded form of the
polynomial on paper, combine like terms, and then enter formulas for the
coefficients. This could be done for real or complex constants.

In order to focus students on the shape and zeros of the function, the
graph is generated automatically without requiring students to select an in-
terval of x-values. The purpose of this graph is to visualize the zeros of the
function. Since the students are free to set constants that could result in any
possible values for the zeros of the function, the left and right bounds of the
graph needed to be chosen dynamically based on the particular polynomial.
For the case where the polynomial has real zeros, we used bounds based on
the greatest and least zeros of the polynomial. To ensure that the edge of
the graph does not stop exactly at one of the intercepts, we extended the
graph at each end by the greater value of 1 unit or 10% of the greatest or
least zero of the polynomial.

Ideally, we would show students a comprehensive graph that captures all
zeros and all turning points (local extrema) of the function. When all the ze-
ros of the function are real, all turning points of the graph occur between the
z-intercepts, so including all of the z-intercepts is enough to produce a com-
prehensive graph. When f(z) has complex zeros, the graph may have critical
points that are not between the x-intercepts, or no z-intercepts at all. The
derivative of f(z) is a cubic polynomial, so the critical points of f could be
found using the general solution of the cubic equation. However, the general
solution of the cubic relies on complex terms canceling each other out, which
does not reliably occur in Excel due to its issues with floating-point precision
[6]. Tt would require a significant amount of coding to circumvent these pre-
cision errors, in addition to the complex formulas for the zeros themselves.
Bounds on the zeros of f’(x) could be computed, however these bounds can
be large relative to the actual zeros. With the high rate of change of a quartic
function, using an overly wide interval often results in a graph with a very
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=IF(OR(C4<>0,C5<>0), C4-MAX(0.1*ABS(C4),1), -

left bound CEILING(SQRT(MAX(IMABS(C2),IMABS(E2),IMABS(G2),IMABS(12),1)),1))
=IF(OR(C4<>0,C5<>0), (C5-C4+MAX(0.1*ABS(C5),1)+MAX(0.1*ABS(C4),1))/100,
increment 0.02*CEILING(SQRT(MAX(IMABS(C2),IMABS(E2),IMABS(G2),IMABS(12),1)),1))

Figure 3: Left bound and increment for z-values. Cells C4 and C5 contain
the minimum and maximum real zeros of the polynomial, respectively.

B C D E F G H | J K M N o} P Q R S T u
Enter constants below Expanded form of the poly
fix)=(x+ 2 ){x+ 1 ){x+ -3 ){x+ -3) f(x) =x'+ 3+ T+ 15 x+ 18
min -2 X f(x)
max 3 -3 72 f(x)
increme  0.07 -2.93 63.11747901 a0
-2.86 54.92962416
-2.79 47.40642981
-2.72 40.51846656
-2.65 34.23688125
-2.58 28.53339696
-2.51 23.38031301
-2.44 18.75050496
-2.37 14.61742461
-2.3 10.9551
-2.23 7.73813541
-2.16 4.94171136 h i
-2.09 2.54158461

S ns1An2R1A

Figure 4: Example of Factors of a Quartic Polynomial spreadsheet with real-
valued input.

large vertical scale that can make it difficult to visually determine whether
the function has x-intercepts. Since the main goal of showing the graph in
the complex case is to indicate there are no zeros, we used bounds that gen-
erated clear graphs in practice. The values used were + the greater of 1
or the square root of the magnitude of the largest constant entered, where
the IMABS function was used to find the magnitudes of the constants. The
formulas for the left bound of the graph and the increment used to generate
one hundred a-values appear in Figure [3|

2.1 Real Coefficients

These exercises are meant to be completed one at a time, with students
sharing their observations with the group after each exercise. The italicized
questions are follow-up questions in case the student observations do not
address particular behaviors of the polynomials. Figure 4| shows an example
of the spreadsheet using real coefficients.
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1. f(z) is a quartic, or fourth-degree, polynomial in factored form. Enter
the same number for the constants in all four factors. What do you
observe about the polynomial?

Do you see any connection between the number you entered and the
graph of the polynomial?

2. Enter the same number for the constants in three of the factors and a
different number for the fourth constant. What changed in the graph
of the polynomial?

Do you see the same relationship between the intercepts of the graph
and the numbers you entered?

3. Use two numbers again; this time, enter one number for the constants
in two of the factors and a different number for the other two factors.
What changed in the graph of the polynomial?

Did the shape or behavior of the curve near the x-intercepts change?

4. Now use three numbers; enter one number for the constants in two of
the factors and different numbers for the two remaining factors. What
changed in the graph? Try to come up with some conjectures, general
statements about how the constants you choose affect the shape of the
graph. How do the constants affect the z-intercepts of the graph?

How does the number of times you use the same number (the multiplic-
ity of the factor) affect the graph near the corresponding x-intercept?

5. Enter four different numbers for the constants in the four factors. Does
the graph appear to be consistent with the conjectures we made?

This activity could be followed by an introduction to the factorization
theorem for polynomials, a more formal definition of multiplicity and a gen-
eral discussion of the behavior of a polynomial near its z-intercepts.

2.2 Nonreal Complex Coefficients

As with the exercises regarding real zeros of a polynomial, these are intended
to be completed one at a time and to have students state their observations
at each step to develop an understanding of how their choices of zeros affect
the polynomial. The italicized questions are follow-up questions. Figure
shows an example of the spreadsheet using nonreal complex coefficients.
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A B C D E F G H | J K M N &) P Q R S T u
Enter constants below Expanded form of the polynomial
f)=(xt 24 #2410 )(x+ 1420 )(x+-1-20 ) fx)=x*+ 2%+ 2%+ 10 x+ 25
min 0 X fix)
max 0 -2 13 f(x)
increme  0.04 -1.96 12.78201856 2
-1.92 12.60656896
188 12.47142936 0 /
-1.84 12.37447926 70
-1.8 12.3136 60
-1.76 12.28677376 50
-1.72 12.29203456 0 /
-1.68. 12.32747776 -
-1.64 12.39126016 p—
16 12.4816 ___////25’

-1.56 12.59677696 10

-1.52 12.73513216 o

-1.48 12.89506816  -25 -2 -15 -1 -05 0 05 1 15 2 25
-1aa 12 N7504%9A

Figure 5: Example of Factors of a Quartic Polynomial spreadsheet with
nonreal complex input.

1. Enter real numbers for the constants in three of the factors and a
complex number in the form a + bi where b # 0 for the fourth factor.
What do you observe about the polynomial?

Why do you think FExcel didn’t display a graph?

2. Enter two real numbers in two of the factors and two nonreal com-
plex numbers in the other two factors. Do you notice any difference
compared to when the function had only one complex zero?

3. When you solve real quadratic equations with the quadratic formula,
nonreal solutions always came in the form of conjugates a &+ bi. Enter
two real numbers in two of the factors and two complex conjugates
(a+bi and a—bi) in the other two factors. What happens to the graph?
What similarities and differences do you see between this graph and the
graphs you generated using four real constants? Try to come up with
some conjectures about how complex constants affect the shape of the
graph.

4. Enter two pairs of complex conjugates (a £ bi and ¢ £ di). Does the
graph appear to be consistent with the conjectures we made?

This activity could be followed by an introduction to the conjugate pairs
theorem.
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3 Activity: Function Transformations

This classroom activity uses quadratic, cubic, and quartic polynomials to
help build an intuition for the various transformations that can be applied
to the graph of a parent function. Here, students are supplied with the
basic polynomial function and its graph in an Excel workbook. For each of
the parent polynomials stated above, the associated workbook contains five
sections:

1. Constants Election The top left-hand corner of the workbook con-
tains f(z), p(x), and the bound and increment cells. Here, f(x) repre-
sents the final transformed function to be generated off of the parent
polynomial function p(z). We use a conventional approach to denote
our functional transformations where, given a parent polynomial p(x),
all the transformations which can be applied and still remain in the
family of functions of p are captured by f(z) = a-p(b- (z — ¢)) + d.
To this purpose, we have highlighted the cells of f which represent the
constants a, b, ¢, and d. These highlighted cells are pre-populated with
the entriesa =1, b =1, ¢ = 0, and d = 0, which the students will then
change using a constructivist approach in the activity to build their
understanding of the transformations that each of the constants can
produce.

2. Graph Window Parameters Below the Constants Election section
of the workbook is the parameterization of the Graph Window. This
section is included so that the students can see how the plot of the
graphs is chosen, respective of the transformations that have been ap-
plied. In particular, to choose the minimum z-value, we employ the
MIN function in Excel to take the least value of either —2 or _TQ +c. In
a similar vein, to choose the maximum z-value, we employ the MAX
function in Excel to take the greater value of either 2 or % + c. Both
Excel functions are depicted in Figure [6] Finally, the cell beneath the
“max” x-value is the increment width setting used to generate 100

partitioning x-values.

3. Graph Window Below the Graph Window Parameters is the Graph
Window itself. Here, the students will see the graph of the parent
polynomial function and each subsequent function transformation that
they make. Since it is common practice to name a polynomial function
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| fx =MIN(-2,-2/E2+G2) fx =MAX(2,2/E2+G2)
B C D E F G H | B C D E F G H |
Enter constants below Enter constants below
f(x)= 1.00 ( 1.00 (x- 0.00 )+ 0.00 f(x)= 1.00 ( 1.00 (x- 0.00 )P+ 0.00
pix)= ¥ plx)= ¥

min | —2| min -2
i | 20|
max 2.0 max 0l

incremer 0.04 incremer 0.04

Figure 6: Parameterization of the Graph Window.

Enter constants below | Expanded form of the polynomial |
flx)= 1.00 ( 1.00 (x- | 0.00 )i+ | 0.00 f(x) =1 £+ 0x+ 0x+ 0
plx)= X

Figure 7: Expansion of the Transformed Polynomial.

p(x), we chose to label the parent polynomial function p(x) for the
double entendre and mnemonic where the dependent variable p repre-
sents both “polynomial” and “parent”. In a similar fashion, the final
transformed function is billed as f(x) since it is the final function and
it is in the family of functions of p.

4. Polynomial Expansion In the top right-hand corner of each work-
book is the expanded form of the polynomial, based off of the Constants
Election data that the students feed into the highlighted cells. Further
exercises could be developed here to help tie together the concepts of
the Function Transformations Activity and the Factors of Polynomials
Activity workbooks. Since both of these workbooks include the ex-
panded forms of the polynomials, relating the expansions would serve
as a bridge between the two activities.

5. Function Tables Finally, below the Polynomial Expansion section are
the 6 function tables that will produce the numerical values determined
by the choices of a, b, ¢, and d as elected by the students. These tables
are what we use to generate the graphs of each transformation and the
parent function p.

The students are guided through a step-by-step process, outlined below,
to transform p into f. Each function transformation is color coded to
help identify the transformation to its graph, beginning with p being
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Enter constants below Expanded form of the pnlynnmial-
f(x)= 1.00 ( 1.00 (x- ~ 0.00 )+ | 0.00 f(x) =1 X+ 0 X'+ 0 x+ 0
px)= X
min 2 x P 3900 P px0)  p(xHO
max 2.0 -2.2 -10.648 -10.648 -10.648 -10.648  -10.64800 -10.648
incremer  0.04 -2.156 -10.0218 -10.0218 -10.0218 -10.02181 -10.02181 -10.0218
15 -2.112  -9.42067 -9.42067 -9.42067 -9.420669 -9.42067 -9.42067

-2.068 -8.84406 -8.84406 -8.84406 -8.844058 -8.84406 -8.84406
-2.024 -8.29147 -8.29147 -8.29147 -8.29147 -8.29147 -8.29147
-1.98 -7.76239 -7.76239 -7.76239 -7.762392 -7.76239  -7.76239
-1.936 -7.25631 -7.25631 -7.25631 -7.256314 -7.25631 -7.25631
-1.892 -6.77272 -6.77272 -6.77272 -6.772724 -6.77272  -6.77272
-1.848 -631111 -6.31111 -6.31111 -6.311112 -6.31111  -6.31111
-1.804 -5.87097 -5.87097 -5.87097 -5.870966 -5.87097 -5.87097
-1.76 -5.45178 -5.45178 -5.45178 -5.451776 -5.45178 -5.45178
-1.716 -5.05303 -5.05303 -5.05303 -5.05303 -5.05303 -5.05303
-1.672 -4.67422 -4.67422 -4.67422 -4.674216 -4.67422  -4.67422
-1.628 -4.31483 -4.31483 -4.31483 -4.314825 -4.31483 -4.31483
-1.584 -3.97434 -3.97434 -3.97434 -3.974345 -3.97434 -3.97434
-1.54 -3.65226 -3.65226 -3.65226 -3.652264 -3.65226 -3.65226
-1.496 -3.34807 -3.34807 -3.34807 -3.348072 -3.34807 -3.34807
-1.452 -3.06126 -3.06126 -3.06126 -3.061257 -3.06126 -3.06126
-1.408 -2.79131 -2.79131 -2.79131 -2.791309 -2.79131 -2.79131
-1.364 -2.53772 -2.53772 -2.53772 -2.537717 -2.53772  -2.53772
<132 -2.29997 -2.29997 -2.29997 -2.299968 -2.29997 -2.29997
-1.276 -2.07755 -2.07755 -2.07755 -2.077553 -2.07755 -2.07755
-1.232 -1.86996 -1.86996 -1.86996 -1.869959 -1.86996 -1.86996
-1.188 -1.67668 -1.67668 -1.67668 -1.676677 -1.67668 -1.67668
-1.144 -1.49719 -1.49719 -1.49719 -1.497194 -1.49719 -1.49719
-1.1 -1.331 -1.331 -1.331 -1.331 -1.33100 -1.331
-1.056 -1.17758 -1.17758 -1.17758 -1.177584 -1.17758 -1.17758

Figure 8: Cubic Parent Graph p(z) = z°.
color coded grey, as depicted in Figure

3.1 Cubic Transformations Activity

We outline the general ideas and processes for the transformations activities
using the cubic polynomial workbook as our model. The basic principles
are the same, and while the activities may feel redundant, it is deliberate
that the questions we ask in the cases of the quadratic, cubic, and quartic
polynomials remain the same. This is to affirm the roles that a, b, ¢, and d
play in the transformations of a parent function, regardless of the function
itself.

Before we describe the general process for this activity, we offer a brief
discussion of the ranges that a, b, ¢, and d may assume.

While the ranges of each of these constants may appear to be limited,
the values are not restricted to integers. The rationale in limiting the range
on the constants is solely for the convenience of ensuring that the Graph
Window remains within manageable tolerances. Indeed, given the rate at
which the polynomials grow, an unrestricted choice of a, b, ¢, or d could
quickly escalate out of control. For instance, simply relaxing the conditions
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of either b or ¢ to a range between —10 and 10 could result in terms of the
polynomials containing factors as large as magnitudes 100,000 in the case of
the quartic. In fact, even magnitudes as large as 1,000,000,000 could arise
if the conditions of both b and ¢ are relaxed to a range of —10 to 10 in the
quartic! To this end, we have set the following ranges:

1. a € [~10,10]
2. be[-5,5]
3. c€[-5,5]
4. d € [~10, 10]

The tolerance on both a and d is due to their placement within the polyno-
mials allowing for them to be more relaxed. Below, we describe this activity’s
process.

1. To begin, the students are asked to multiply p by a non-zero constant a
greater than or equal to —10 but less than or equal to 10, and a should
not be equal to 1.

Once the students have chosen a value for a and entered it into the
highlighted cell of the Constants Election section, a new graph will
appear in the Graph Window. This new function is color coded blue in
the Excel workbook to help the students identify what effect a scalar
multiple of a function has on the graph of the function by comparing
the new blue function to the original grey, exemplified in Figure [9]

2. Next, we ask the students to multiply a non-zero constant b greater than
or equal to —5 but less than or equal to 5 by the independent variable
x in the parent function p. The graph and function associated with the
effects of b is color coded pink. At this point, assuming reasonable and
good choices for a and b have been made, four graphs should now be
displayed: the original parent function p(x), family members a - p(x),
and p(b- x), and a new red graph. Such a graph can be witnessed in
Figure[L0] The red graph is the composite f(z) =a-p(b-z). The goal
is to have the students eventually formulate the conjecture that f(x)
reacts to all of the transformations applied to p(z).
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Enter constants below

f(x)= -1.00)( 1.00 (x- | 0.00 )+ | 0.00
p= ¥

min -2

max 2.0

incremer  0.04

f(x) =-1

-2.2
-2.156
-2.112
-2.068
-2.024

-1.98
-1.936
-1.892
-1.848
-1.804

-1.76
-1.716
-1.672
-1.628
-1.584

-1.54
-1.496
-1.452
-1.408
-1.364

-1.32
-1.276
-1.232
-1.188
-1.144

-1.1
-1.056

X+

p(x)

-10.648
-10.0218
-9.42067
-8.84406
-8.29147
-7.76239
-7.25631
-6.77272
-6.31111
-5.87097
-5.45178
-5.05303
-4.67422
-4.31483
-3.97434
-3.65226
-3.34807
-3.06126
-2.79131
-2.53772
-2.29997
-2.07755
-1.86996
-1.67668
-1.49719
-1.331
-1.17758

[

10.648
10.02181
9.420669
8.844058

8.29147
7.762392
7.256314
6.772724
6.311112
5.870966
5.451776

5.05303
4.674216
4.314825
3.974345
3.652264
3.348072
3.061257
2.791309
2.537717
2.299968
2.077553
1.869959
1.676677
1.497194

1331
1.177584

Figure 9: Scalar multiple of p(z).

-25 25
-15
Enter constants below
flx)= -1.00 ( 0.501(x- ' 0.00 )P+ | 0.00
px)= X
min -4
max 4.0
incremer  0.09
100
5 5

-100

f(x) =-0.125

-4.4
-4.312
-4.224
-4.136
-4.048

-3.96
-3.872
-3.784
-3.696
-3.608

-3.52
-3.432
-3.344
-3.256
-3.168

-3.08
-2.992
-2.904
-2.816
-2.728

-2.64
-2.552
-2.464
-2.376
-2.288

-2.2
-2.112

X+

p(x)

-85.184
-80.1745
-75.3654
-70.7525
-66.3318
-62.0991
-58.0505
-54.1818
-50.4889
-46.9677
-43.6142
-40.4242
-37.3937
-34.5186
-31.7948
-29.2181
-26.7846
-24.4901
-22.3305
-20.3017
-18.3997
-16.6204
-14.9597
-13.4134
-11.9776

-10.648
-9.42067

0

85.184
80.1745
75.36535
70.75247
66.33176
62.09914
58.05051
54.18179
50.4889
46.96773
43.61421
40.42424
37.39373
34.5186
31.79476
29.21811
26.78458
24.49006
22.33047
20.30173
18.39974
16.62042
14.95967
13.41341
11.97755
10.648
9.420669

Figure 10: Scalar multiple of z.
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Expanded form of the polynomial-

X+

F1p00 ] plx)

-10.648
-10.0218
-9.42067
-8.84406
-8.29147
-7.76239
-7.25631
-6.77272
-6.31111
-5.87097
-5.45178
-5.05303
-4.67422
-4.31483
-3.97434
-3.65226
-3.34807
-3.06126
-2.79131
-2.53772
-2.29997
-2.07755
-1.86996
-1.67668
-1.49719

-1.331
-1.17758

Expanded form of the polynnmlal-

X+

16691 pl05x)

-10.648
-10.0218
-9.42067
-8.84406
-8.29147
-7.76239
-7.25631
-6.77272
-6.31111
-5.87097
-5.45178
-5.05303
-4.67422
-4.31483
-3.97434
-3.65226
-3.34807
-3.06126
-2.79131
-2.53772
-2.29997
-2.07755
-1.86996
-1.67668
-1.49719

-1.331
-1.17758

0

p(x-0)
-10.648
-10.02181
-9.420669
-8.844058
-8.29147
-7.762392
-7.256314
-6.772724
-6.311112
-5.870966
-5.451776
-5.05303
-4.674216
-4.314825
-3.974345
-3.652264
-3.348072
-3.061257
-2.791309
-2.537717
-2.299968
-2.077553
-1.869959
-1.676677
-1.497194
-1.331
-1.177584

0

p(x-0)

-85.184
-80.1745
-75.36535
-70.75247
-66.33176
-62.09914
-58.05051
-54.18179
-50.4889
-46.96773
-43.61421
-40.42424
-37.39373
-34.5186
-31.79476
-29.21811
-26.78458
-24.49006
-22.33047
-20.30173
-18.39974
-16.62042
-14.95967
-13.41341
-11.97755
-10.648
-9.420669

X+

p(x)+0
-10.64800
-10.02181
-9.42067
-8.84406
-8.29147
-7.76239
-7.25631
-6.77272
-6.31111
-5.87097
-5.45178
-5.05303
-4.67422
-4.31483
-3.97434
-3.65226
-3.34807
-3.06126
-2.79131
-2.53772
-2.29997
-2.07755
-1.86996
-1.67668
-1.49719
-1.33100
-1.17758

X+

p(x)+0

-85.18400
-80.17450
-75.36535
-70.75247
-66.33176
-62.09914
-58.05051
-54.18179
-50.48890
-46.96773
-43.61421
-40.42424
-37.39373
-34.51860
-31.79476
-29.21811
-26.78458
-24.49006
-22.33047
-20.30173
-18.39974
-16.62042
-14.95967
-13.41341
-11.97755
-10.64800

-9.42067

10.648
10.02181
9.420669
8.844058

8.29147
7.762392
7.256314
6.772724
6.311112
5.870966
5.451776

5.05303
4.674216
4.314825
3.974345
3.652264
3.348072
3.061257
2.791309
2.537717
2.299968
2.077553
1.869959
1.676677
1.497194

1331
1.177584

10.648
10.02181
9.420669
8.844058

8.29147
7.762392
7.256314
6.772724
6.311112
5.870966
5.451776

5.05303
4.674216
4.314825
3.974345
3.652264
3.348072
3.061257
2.791309
2.537717
2.299968
2.077553
1.869959
1.676677
1.497194

1331
1.177584



Petersdinh and Beaumont: Empowering Polynomial Theory Conjectures with Spreadsheets

Enter constants below Expanded form of the polynomial
f(x)= -1.00 ( 0.50 (x- z.oo_))’+ 0.00 f(x) =-0.125 X+ 0.75 X+ -1.5 x+ 1
px)= X
min 2 x plx) p() p05x)  p(x-2) pix+o [N
max 6.0 -2.2  -10.648 10.648 -1.331 -74.088  -10.64800 9.261
incremer  0.09 -2.112  -9.42067 9.420669 -1.17758 -69.52793 -9.42067 8.690992
400 -2.024 -8.29147 8.29147 -1.03643 -65.15893 -8.29147 8.144866

-1.936 -7.25631 7.256314 -0.90704 -60.97689 -7.25631 7.622111

-1.848 -6.31111 6.311112 -0.78889 -56.97774 -6.31111  7.122217

300 -1.76 -5.45178 5.451776 -0.68147 -53.15738 -5.45178 6.644672
-1.672 -4.67422 4.674216 -0.58428 -49.51172 -4.67422 6.188965

-1.584 -3.97434 3.974345 -0.49679 -46.03668 -3.97434 5.754585

200 -1.496 -3.34807 3.348072 -0.41851 -42.72817 -3.34807 5.341021
-1.408 -2.79131 2.791309 -0.34891 -39.58209 -2.79131 4.947762

-1.32 -2.29997 2.299968  -0.2875 -36.59437 -2.29997 4.574296

100 -1.232 -1.86996 1.869959 -0.23374 -33.7609 -1.86996 4.220113
-1.144 -1.49719 1497194 -0.18715 -31.07761 -1.49719 3.884701
-1.056 -1.17758 1.177584  -0.1472 -28.5404 -1.17758  3.56755
-0.968 -0.90704 0.907039 -0.11338 -26.14518 -0.90704 3.268148

B 2_~m ¢ 1 1 $ -0.88 -0.68147 0.681472 -0.08518 -23.88787  -0.68147 2.985984
0792 -0.49679 0496793 -0.0621 -21.76438  -0.49679 2.720547

<100 -0.704 -0.34891 0.348914 -0.04361 -19.77061  -0.34891 2471326
0.616 -0.23374 0233745 -0.02922 -17.90248  -0.23374 2.23781

0.528 -0.1472 0147198 -0.0184  -16.1559  -0.14720 2.019488

200 044 -0.08518 0085184 -0.01065 -14.52678  -0.08518 1.815848
0352 -0.04361 0.043614 -0.00545 -13.01104 -0.04361 1.62638

0264 -00184 00184 -0.0023 -11.60458  -0.01840 1.450572

-300 0176 -0.00545 0.005452 -0.00068 -10.30331  -0.00545 1287913
-0.088 -0.00068 0.000681 -85E-05 -9.103145  -0.00068 1137893

00 527616 147E-46 -156-46 183E-47 -8 0.00000 1

0.088 0.000681 -0.00068 8.52E-05 -6.989783 0.00068 0.873723

Figure 11: Constant added to x.

3. After some anticipated trial and error, the students are asked to then
choose a non-zero constant ¢ to add—or subtract-to the independent
variable x. As with a and b from above, the window for choice of
c is restricted to being greater than or equal to —5 but less than or
equal to 5. Upon entering a choice for ¢, a new graph should appear
in the graph window, color coded green. This new graph is associated
with the function p(z — ¢). Here, the students are asked to make their
observations about the reactions that a - p(x) [blue], p(b-z) [pink], and
f(z) [red] experience at the introduction of p(x —¢). At this point, five
graphs should now be visible in the graph window as demonstrated in
Figure [11}]

4. The final transformation, represented by the color coding purple, is a
constant d added to the parent function p(x). That is, the function
p(z) + d. Once a non-zero constant between the values of —10 and 10
is entered for d, the graph window will display up to six graphs: p(x)
[grey], a - p(z) [blue], p(b- x) [pink], p(z — ¢) [green], p(x) + d [purple],
and f(z) [red]. Figure [12|shows an example of this.

The students are then asked to continue to vary the parameters on a,
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Enter constants below Expanded form of the polynomial
f(x)= -1.00 ( 0.50 (x- = 2.00 )+ | 10.00} f(x) =-0.125 X+ 0.75 X+ -1.5 x+ 11
px)= X
min 2 x plx) p() p05x)  p(x-2) p(x)+10
max 6.0 -2.2  -10.648 10.648 -1.331 -74.088 -0.64800 19.261
incremer  0.09 -2.112  -9.42067 9.420669 -1.17758 -69.52793 0.57933 18.69099
400 -2.024 -8.29147 8.29147 -1.03643 -65.15893 1.70853 18.14487

-1.936 -7.25631 7.256314 -0.90704 -60.97689 274369 17.62211

-1.848 -6.31111 6.311112 -0.78889 -56.97774 3.68889 17.12222

300 -1.76 -5.45178 5.451776 -0.68147 -53.15738 4.54822 16.64467
-1.672 -4.67422 4.674216 -0.58428 -49.51172 5.32578 16.18897

-1.584 -3.97434 3.974345 -0.49679 -46.03668 6.02566 15.75459

200 -1.496 -3.34807 3.348072 -0.41851 -42.72817 6.65193 15.34102
-1.408 -2.79131 2.791309 -0.34891 -39.58209 7.20869 14.94776

-1.32 -2.29997 2.299968  -0.2875 -36.59437 7.70003  14.5743

100 -1.232 -1.86996 1.869959 -0.23374 -33.7609 8.13004 14.22011
-1.144 -1.49719 1497194 -0.18715 -31.07761 8.50281  13.8847
-1.056 -1.17758 1.177584  -0.1472 -28.5404 8.82242 13.56755
-0.968 -0.90704 0.907039 -0.11338 -26.14518 9.09296 13.26815

B 2_~m ¢ 1 1 $ -0.88 -0.68147 0.681472 -0.08518 -23.88787  9.31853 12.98598
0792 -0.49679 0496793 -0.0621 -21.76438  9.50321 12.72055

<100 -0.704 -0.34891 0.348914 -0.04361 -19.77061  9.65109 12.47133
0.616 -0.23374 0233745 -0.02922 -17.90248  9.76626 12.23781

0.528 -0.1472 0147198 -0.0184  -16.1559  9.85280 12.01949

200 044 -0.08518 0085184 -0.01065 -14.52678  9.91482 11.81585
0352 -0.04361 0.043614 -0.00545 -13.01104  9.95639 11.62638

0264 -00184 00184 -0.0023 -11.60458  9.98160 11.45057

-300 0176 -0.00545 0.005452 -0.00068 -10.30331  9.99455 11.28791
-0.088 -0.00068 0.000681 -85E-05 -9.103145  9.99932 11.13789

00 527616 147E-46 -156-46 183E-47 -8 10.00000 11

0.088 0.000681 -0.00068 8.52E-05 -6.989783  10.00068 10.87372

Figure 12: Constant added to p(z).

b, ¢, and d one at a time and to record their observations about the result-
ing graphs, placing particular emphasis on the parent graph p(x) and the
resulting composite function f(x).

3.2 Quadratic and Quartic Transformations

The aforementioned process for transforming a cubic function is to be repli-
cated in the cases of the quadratic and quartic functions. An example of
quadratic transformations where a = —2.00, b = 1.50, ¢ = —1.00, and
d = 4.00 is displayed in Figure [13] while Figure [14] exemplifies quartic trans-
formations where a = —0.80, b = —0.50, ¢ = 0.75, and d = 5.00.

As before, the following exercises are meant to be completed one at a
time, with students sharing their observations with the group after each
exercise. The italicized questions are follow-up questions in case the student
observations do not address particular behaviors of the transformations of
the polynomials.

1. Enter a real non-zero number between —10 and 10 for the scalar a.
What do you observe about the resulting polynomial? How does it
compare to the parent polynomial function? Repeat this step using

http://epublications.bond.edu.au/ejsie/vol10/iss1/2



fix}=
nlxl=
miin
max

incremer
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Enter constants below
-2.00 [ 150 (x- | -1.00 |f+
"
-2.33
20
0.05

4.00

f{x) =-4.5

x e el pisd  pen)  pio [N

-2.56667
-2.519
-247133
-2.42367
-2.376
-2.32833
-2.28067
-2.233
-2.18533
-2.13767
-2.09
-2.04233
-1.39467
-1.947
-1.89933
-1.85167
-1.804
-1.75633
-1.70867
-1.661
-1.61333
-1.56567
-1.518
-1.47033
-1.42267
-1.375
-1.32733

*+

6.587778
6.345361
6.107488
5.87416
5.645376
5.421136
520144
4.986283
4.775682
4.569619
4.3681
4171125
3.978635
3.790809
3.607467
3.428669
3.254416
3.084707
2.919542
2.758921
2.602844
2451312
2.304324
2.16188
2.02398
1.890625
1761814

Expanded form of the polynomial
-9 x+ -0.5

-13.1756
-12.6907

-12.215
-11.7483
-11.2908
-10.8423
-10.4029
-9.97258
-9.55136
-9.13924

-8.7362
-8.34235
-7.95733
-7.58162
-7.21483
-6.85734
-6.50883
-6.16941
-5.83908
-5.51784
-5.20569
-4.90262
-4.60865
-4.32376
-4.04786
-3.78125
-3.52363

14.8225
1427706
13.74185
13.21686

12.7021
12.15736
11.70324
1121915
1074528
10.28164
9.828225
9.385032
B8.952064

B.52532
B.116E01
7.714506
7.322436

6.94053
6.568969
6.207572

5.8564
5.515452
5.184723

4.86423
4.553956
4.253906
3.964081

2.454444
2.307361
2.164822
2.026827
1.893376
1.764469
1.640107
1.520283
1.405015
1.294285
1.1881
1.086459
0.983362
0.896803
0.8088
0.725336
0.646416
0.57204
0.502208
0.436921
0.376178
0.315973
0.268324
0.221213
0.178647
0.140625
0.107147

10.58778
10.34536
10.10743
9.87416
0.64538
9.42114
920144
B.986Z9
B.77568
B.56962
B.36810
B.17113
797870
7.79081
7.60747
742867
7.25442
7.08471
6.91554
6.75892
6.60284
6.45131
6.30432
6.16188
6.02398
5.89062
5.76181

-7.045
-6.38312
-5.7417
-5.12072
-4.52019
-3.34011
-3.38048
-2.8413
-2.32257
-1.82428
-1.34645
-0.88906
-0.45213
-0.03564
0.360358
0.735988
1091128
1.42582
1.740062
2.033856
2.3072
2.560096
2.792542
3.00454
3.196088
3.367188
3517838

Figure 13: Example of a transforming the parent quadratic function p(z) =

x2.

fx)= | -0.80 (

plx)=x'

min -2
max 2.0
increr 0.04

Enter constants below
-0.50 (x- 075 )+ 5.00

-4

f{x) =-0.05

-2.156
-2.112
-2.068
-2.024

-1.88
-1.936
-1.892
-1.848
-1.804

-1.76
-1.716
-1.672
-1.628
-1.584

-1.496
-1.452
-1.408
-1.364

-1.32
-1.276
-1.232
-1.188
-1.144

I‘-i

plx)

23.4256
21.607028
15.896453
18.289513
16.7815935
15369536
14.048224
12.613594
11.662935
10.591224
9.5951258

B.6709%3
7.8152899
7.0245353

6295362
5.6244866
5.0087156
4.4443458
3.9301635
3.4614454
3.0359578
2.6509571
2.3037897
1.9918519
1.7127899

Expanded form of the polynomial

0.15

FO8B01 ] 0.5

B.74048

-8.330348
-8.472973%
-7.676101
-6.93679%
-6.252232
-5.619628

-5.03623
-4.49958%
-4.006972
-3.555957
-3.144131
-2.769156
-2.428766
-2.120766
-1.843032
-1.593514
-1.370232

e -0.16875 x'+ 0.084375 x + 4.98418
px-0.75)  plx)+s

14641 7573351 2842560 12133247
13504392 7131526 26.60703  1.4342372
12435283 67.0932 24.89645 1.5453399
11430945 63.06145 2328951 1.8469275
10488709 59.21415 2178153 2.0392303
0.950596 55.54572 2036954 22227141
0.878014  52.0504 15.04822 2.3974802
0.8008746 4872269 17.81399 25638655
07289335 4555715 16.66204 27221423
0.6619515 4254843 1559122 2.8725783
0.5936954  35.69126 14.59513  3.015437
05419374 3698046 13.67100 3.1509771
0.4884556 3441034 12.81529 32734523
04330335 3197771 1202454 34011143
03934601 29.67587 1129536 3.5162067
03515304 27.50058 10.62449  3.6249708
03130447 25.44714 10.00872 3.7276423
0.2778091  23.5109 9.44435  3.824455
0.2436352 2168731 B.93016 39156343
0.2163403  15.97183 B.46145  4.0014037
01897474 1836037 B.03596 4.0819816
0.1636848 1684837 7.65096  4.1575817
0.1439863 1543173 7.30379  4.2284135
01244532 1410636 6.99189  4.2946818
01070494 12.86826 671279  4.3565863

Figure 14: Example of a transforming the parent quartic function p(x) = x%.
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different values for a. Formulate a conjecture about how a transforms
the parent function.

If you have not already, try the following:

(a) Enter a negative value for a. What happens to the new graph as
compared to the parent polynomial?

(b) Enter a value for a such that 0 < |a| < 1. What happens to the
new graph as compared to the parent polynomial?

2. Enter a real non-zero number between —5 and 5 for the scalar b. What
do you observe about the resulting polynomial? How does it compare
to the parent polynomial function? Repeat this step using different
values for b. Formulate a conjecture about how b transforms the parent
function.

If you have not already, try the following:

a) Enter a negative value for b. at happens to the new polynomia
Ent ti lue for b. What h to th [ al
graph as compared to the parent polynomial graph?

(b) Enter a value for b such that 0 < |b| < 1. What happens to the
new polynomial graph as compared to the parent polynomial graph?

3. Enter a real non-zero number between —5 and 5 for the constant c.
What do you observe about the resulting polynomial? How does it
compare to the parent polynomial function? Repeat this step using
different values for c¢. Formulate a conjecture about how ¢ transforms
the parent function. If you have not already, try the following:

(a) Reset the initial values for a and b to both be 1. Make note of the
x-intercept(s) of the parent polynomial graph. Varying the values
for ¢ only, what happens to the x-intercepts of the new polynomial
graph as compared to the parent polynomial graph?

(b) The common approach to expressing a polynomial function trans-
formation is f(x) = a-p(b- (z —c)) +d. Notice the sign preceding
c. How does the resulting transformation caused by c differ from
the sign preceding c? Algebraically, what is happening?

4. Enter a real non-zero number between —10 and 10 for the scalar d.
What do you observe about the resulting polynomial? How does it
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compare to the parent polynomial function? Repeat this step using
different values for d. Formulate a conjecture about how d transforms
the parent function.

If you have not already, try the following:

(a) Reset the initial values for a and b to both be 1 and the initial
value of ¢ to be 0. Make note of the y-intercept of the parent
polynomial graph. Varying the values for d only, what happens
to the y-intercept of the new polynomial graph as compared to the
parent polynomial graph?

Once the students have verified that their conjectures are correct with
the instructor, this activity can serve as the springboard into more general-
ized function transformation theory for non-polynomial functions including
exponential, logarithmic, and trigonometric functions.

4 Conclusion

These spreadsheet activities were designed using a constructivist approach
to help students build an algebraic, numerical, and graphical understand-
ing of zeros and transformations of polynomial functions. Since Microsoft
Excel is a common platform, the software should not be a barrier as long
as students have their own computers or the activity occurs in a computer
lab environment. Students who are familiar with Excel should have little
difficulty approaching these activities. Learners sometimes have issues with
the cognitive load of learning software and mathematics concurrently [2].
However, for these activities, the only input to the spreadsheet is numerical
and the output is graphical and algebraic using standard notation. These
activities provide a concrete hands-on introduction to theory and operations
involving polynomials to enhance the learning process.
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